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PREFACE 



The present work is the outgrowth of a series of lectures 
given to the students of Civil Engineering in the Tokyo Im- 
perial University. It contains the solution of those problems 
most commonly met in the practice of a bridge engineer, the 
aim of the author being to save time and labor of those intent 
on a more rational design of the class of the structures 
treated, than is generally followed, by furnishing them with 
necessary formulas for which rough approximation or even 
guess-work frequently forms a substitute. 

For different treatment of some of the cases discussed in 
this work, readers may do well to* compare the works of Pro- 
fessors Burr, Greene, Du Bois and Johnson, and also those 
of Professors Engesser, R6sal, Winkler, Melan, Miiller- 
Breslau, Steiner, etc. 

The author acknowledges his indebtedness for valuable 
assistance in preparing the volume, to his colaborer Assistant- 
Professor H. Kimishima. 

Tokyo Imperial University, 
August y 1904. 

I. H. 



(511) 



CONTENTS 



INTRODUCTORY CHAPTER 
General Principles 

ART. PAGE 

i . Definition of internal work i 

2. Work of direct stress i 

3. Work of normal stress 2 

4. Work of bending moment 2 

5. Work of tangential stress 3 

6. Theorems of Castigliano 4 

7. Principle of least work 6 

8. Initial restraint 7 

CHAPTER I 
Trussed Beams 

9. King-post type — single load 8 

10. King-post type — uniform load 10 

Numerical example 11 

11. Queen -post type — single load 12 

12. Queen-post type — uniform load 14 

Numerical example 14 

13. Effect of Change in depth of trussing 15 

14. Sloping struts and straining beam 16 

Numerical example 18 

15. Sloping struts and bents 19 

Numerical example 21 



CHAPTER II 
Viaduct Bents 

16. Riveted cross-girder 23 

17. Points of contraflexures in the posts . * 26 

18. Single-track bent 26 

(v) 



VI CONTENTS 

ART. PAGE 

19. Hinged posts 27 

Numerical example of a double-track bent .27 

20. Wind pressure on bents 28 

21. Wind pressure on train and bent 31 

Numerical example 32 

22. Braced bent . ^3 

Numerical example 37 

23. Knee-braced bent 38 

Numerical example 41 

CHAPTER III 
Continuous Girders 

24. Three moments — single load 43 

25. Three moments — uniform load 45 

26. Two spans with ends free 45 

27. Left end fixed 46 

28. Right end fixed 46 

29. Continuous over several supports 46 

30. Elastic support 47 

31. Displaced support 49 

Numerical example of elastic support 50 

Numerical example of displaced support 51 

32. Effect of web-stresses 51 

33. Swing bridge with three supports — single load 52 

34. Swing bridge with three supports — uniform load 53 

35. Swing bridge with three supports — ends lifted 54 

36. Correct formulas for swing bridge with three supports 55 

37: Swing bridge with four supports 58 

Numerical example 60 

38. Effect of neglecting web-stresses 61 

39. Double-swing bridge with four supports 62 

40. Double-swing bridge with six supports 66 

41. Correct formulas for double-swing bridge 69 

CHAPTER IV 
Arches with two Hinges 

42. External forces 70 

43. Moment and internal forces 71 



CONTENTS Vli 

ART. PAGE 

44. Internal work and horizontal reaction 72 

45. Equation for symmetrical loads 73 

46. Temperature stress 74 

47. Displacement stress 75 

48. Parabolic arch — single load 76 

49. Parabolic arch — temperature change ..." 78 

50. Parabolic arch — displacement of supports 78 

51. Circular arch — single load 79 

52. Circular arch — temperature change 81 

53. Circular arch — displacement of supports 81 

54. Semicircular arch — single load 82 

55. Semicircular arch — temperature change 82 

56. Semicircular arch — displacement of supports . 82 

57. Flat arqh 82 

58. Flat parabolic arch — single load 83 

59. Flat parabolic arch — uniform load 84 

60. Flat parabolic arch — temperature change 84 

61 . Flat parabolic arch — displacement of supports 85 

62. Flat circular arch 85 

63. Spandrel-braced arch 85 

64. Spandrel-braced arch — approximate equation 89 

65. Spandrel-braced arch — temperature stress 89 

66. Spandrel-braced arch — displacement stress 90 

67. Stresses in flanges and web of a rib 90 

68. Reaction locus 92 

69. Maximum stresses in chords 92 

70. Maximum stresses in webs 93 

Numerical example of a circular rib 94 

Numerical example of spandrel-braced arch 99 

71. Balanced arch 104 

72. Tied arch 106 

Numerical example 108 

CHAPTER V 
Arches without Hinges 

73. General equations 109 

74. Equation for symmetrical loads no 

75. Temperature stresses in 

76. Displacement stresses , 112 



Vlll CONTENTS 

ART. PAGE 

77. Change in relative heights of supports 113 

78. Change in central angle 113 

79. Change in span length . .' 114 

80. Parabolic arch — single load 115 

81. Parabolic arch — temperature change 117 

82. Parabolic arch — displacement of supports 118 

83. Circular arch — single load 119 

84. Circular arch — temperature change 122 

85. Circular arch — displacement of supports 123 

86. Flat arch — single load 1 24 

87. Flat arch — temperature change 125 

88. Flat arch — displacement of supports 126 

89. Flat parabolic arch — single load 127 

90. Flat parabolic arch — uniform load 127 

91. Flat parabolic arch — temperature change 128 

92. Flat parabolic arch — displacement of supports 128 

93. Flat circular arch 129 

94. Reaction locus and envelope 129 

95. Reaction locus and envelope of a flat parabolic arch 130 

96. Positions of loads for maximum stresses 131 

97. The stresses in individual members 133 

Numerical example of a circular arch 133 

98. Concluding remarks on arches 137 



CHAPTER VI 
Suspension Bridges 

99. General equations 139 

100. Long-span suspension bridge 140 

101. Cable suspension bridge with continuous stiffening trusses . . . 140 

102. Stresses in the cable, truss and suspenders 145 

103. Temperature stresses 146 

104. Effect of change in sag on H 148 

Trusses with Redundant Members 

105. General ' 149 

106. Lattice truss 149 

107. Pratt-Howe-King-post truss . . ♦ f .... 151 



CONTENTS ix 

CHAPTER VII 
Secondary Stresses due to Rigidity of Joints 

ART. PAGE 

108. General 154 

109. Secondary stresses in trusses 154 

Numerical example 158 

no. Secondary stresses due to rigid lateral connections 161 

in. Single-track railway bridge 164 

112. Highway bridge 164 

113. Moments in the struts and floor-beam 165 

1 14. Sway bracing 166 

Numerical examples of a single-track railway bridge 167 

Numerical examples of a highway bridge 168 

Numerical examples of a railway bridge with hinged strut ... 169 

115. Secondary stresses in the posts due to wind pressure 169 

1 1 6. Sway bracing 171 

Numerical example of a riveted upper strut 172 

Numerical example of sway bracing 174 



INTRODUCTORY CHAPTER 



GENERAL PRINCIPLES 

1. Most of the cases of statically-indeterminate stresses 
occurring in the practice of a bridge engineer can be 
solved in several different ways; but in this, the author 
has made the exclusive use of the method of work as the 
simplest and the most direct way for arriving at the results. 

It is a well-known principle in mechanics that when 
external forces act on an elastic body, the latter under- 
goes deformations, which, according to the Hooke's law, 
are proportional to the stresses causing them, — the de- 
formations assumed to be disappearing the moment the 
forces are taken off. The work thus performed in the 
body while being acted on by external forces, we call 
the work of resistance. This internal work, which we 
shall henceforth designate with a>, may be expressed in the 
following manner, for different kinds of stresses. 

2. Direct Stress. — Suppose a straight bar having a 
cross-section A, length L, and modulus of elasticity E, be 
subjected to tension or compression increasing from o to 5. 
Assuming the strain to be proportional to stress, the bar 
would undergo, at any moment when the stress is s, & 

deformation of 

sL 
AE* 

Since work equals the force into its displacement the in- 
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crement of work performed in the bar at the moment 
will be 

AE ds > 
so that for the total work of resistance in the bar we get 

f 8sL ; s 21 ^ 



AE 



2AE 



3. Normal Stress. — If the bar be a curved one with a 
developed length of Z/, then representing by N the nor- 
mal stress acting at any section distant c — measured 
along the axis of the bar — from one end, we have, by the 
same reasoning as before, for the work of resistance in 

the elementary length dc, 

N 2 dc 
2AE' 

and for the total internal work in the bar due to N y 

* L 'N 2 dc 

2AE 



r 



(2) 




Fig. i 



4. Bending Moment. — Let Fig. i 
represent the portion of a beam, sub- 
jected to bending moment M; then in 
any elementary length dx, at a dis- 
tance of y from the neutral axis 
NA y will be found taking place a deformation of 

M a 

m ydx 

in the elementary length of the fibre; and at the farthest 
fibre, 

— h'dx 
W 
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Representing by I the moment of inertia of the section, 
and by b the width of the beam at y, we get for the stress 
acting in the elementary section bdy, the expression 

jbydy, 

and consequently, for the work of resistance in the same, 

i M , M . . i M 2 

2iE y t y y = ~2~pe Ux ? d y ; 

so that for the total work in the elementary length dx we 
get 

i m 2 r h ' 

dx I bfdy\ 

J—h" 



2 PE 

and as 

by*dy = /, 

1 —h" 



s: 



the total work of resistance due to the moment in length 
/ of the beam will be 

l M 2 dx 



r 



2 IE 



(3) 



5. Tangential Stress. — The deformation of a beam 
due. to shear is generally so insignificant when compared 
with that due to the bending, that it may be totally neg- 
lected without sensible error in the calculation of inter- 
nal work. In passing, however, the expression for the 
work will be given. 

Let 

T = tangential stress acting at any point distant x from 

one end of the piece. 
G = modulus of elasticity for shear. 
A = cross-section of the piece. 
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Since the action of the tangential stress in the elementary 
length dx (Fig. 2) is to produce the angu- 
lar change 7, for which, were T uniformly 
distributed over the cross-section, we 
would have, 



N- 



*tes--A 

y v 



y = GA 



Fig. 2 and for the work performed in dx, 

T 2 

Since, however, the intensity of shear at different points 
of the cross-section differs with the form of the latter, we 
have for the internal work due to shear, 



-r- 



2GA 
in which 



(4) 



a r k ' 
» = -^ 1 

2V-A" 



a quantity always greater than 1. 

T - Tl Jn ydA ' 

h representing the distance of fibres above the neutral 
axis where t is to be found, and b, h', h* and y the same as 
in Art. 4. 

6. Theorems of Castigliano. — The fundamental prin- 
ciple of the method of work has been enunciated by Cas- 
tigliano in following words: * 

I. " The displacement of the point of application of an 

♦"Theorie des Gleichgewichtes Elastisches System," von Castigliano. 
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external force acting on a body — caused by the elastic 
deformation of the latter — is equal to the first derivative 
of the work of resistance performed in the body, with re- 
spect to the force" 

II. " The partial derivatives of the work of resistance 
with respect to statically-indeterminate forces which are so 
chosen that the forces themselves perform no work are equal 
to zero" 

In order to make these enunciations clearly understood, 
an application of the theorems will be made w 
to a simplest case of statically-indeterminate 
forces. In Fig. 3 let 1 and 2 represent two 
columns with a length of L, cross-sections of 
A v A 2 and moduli of elasticity of E v E 2 con- 
jointly sustaining a load of W. The latter ^fW* 
produces reactions Fig. 3 

S^ndSt^ W-S lf 

which are at the same time stresses in the columns. Re- 
ferring to Eq. (1) we get for the internal work in the col- 
umns the following expression: 

m _ S*L (W-S x fL 
2A t E t 2A 2 E 2 

If we represent by 8 the sinking of the load due to com- 
pression of the columns, then, according to the first the- 
orem, 

.d» , (W - S t ) L 

dW A 2 E 2 ' 

and according to the second, since the bases of the col- 
umns are assumed to be immovable, 
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d^ = = S^ (S, -W)L 
dS t ° A& + A % E 2 ' 

from which 

^ A& + AA 

7. The second theorem of Castigliano is a direct con- 
sequence of the first one, and concerns a special case in 
which the displacement of the external force is zero. In 
other words, according to this theorem, a statically-inde- 
terminate force makes the work of resistance a minimum 
or a maximum. That it is a minimum can be seen by 
taking the second differential coefficient of a> with respect 
to the force having a certain amount of displacement. 
Since the latter will increase with every increment of the 
force, the second differential will be always positive. For 
this reason, this theorem is otherwise known as the prin- 
ciple of least work, which enunciates that the work of a 
system of forces acting on an elastic system of construc- 
tion will be the least possible which is necessary to main- j 
tain equilibrium, or, in other words,, the external forces 
so adjust themselves as to develop internal forces in the 
structure which will make the total work of resistance in 
the latter a minimum. The principle is a fundamental 
one in the economy of nature and is applicable to all 
cases of statically- indeterminate forces in which the forces 
under question undergo no displacements. For this pur- 
pose we have but to express q> in terms of external forces 
and to differentiate it successively with respect to the 
forces to be found. The differential coefficients thus 
obtained, set equal to zero, furnish as many equations 
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of conditions as there are unknown quantities. The 
rest of the operation for reduction is a simple algebraic 
work. 

8. It is to be borne in mind that in all forms of struc- 
tures to be hereafter treated, the joints of every piece, 
and the piece itself, are assumed to be free from all initial 
restraints. 
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TRUSSED BEAMS 



-LJL 




Fig-4 



9. A trussed beam is often treated as a continuous 
girder resting on fixed supports, and sometimes as so 
many discontinuous beams as the number of panels into 
which the beam is divided. That neither treatment is 
correct hardly requires any explanation. 
In the trussed beam of Fig. 4, it is evident that for any 

load W, as soon as the pres- 
sure in the post is made known, 
stresses in all other members 
will at once become determi- 
nate. Throughout the dis- 
cussion of beams the following signs will be used: 
Compression — . 
Tension + . 

Moment +, when producing compression on the upper 
fibres, and vice versa. 

Representing by P the unknown pressure in CD we 
have the following direct stresses in the several members: 
CD = - P, 

AD = BD = + - \y 
2 h 

2 2 h 

Let A 19 A 2 , A 3 , represent the cross-sectional areas, and 
E l9 E 2 , JS 3 , the moduli of elasticity of members AB, CD, 

8 
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and AD respectively. Then referring to Eq. (i) we get 
for the work of resistance due to the direct stresses the 
following expressions: 

P*h 
Work in CD ... . -%4" (a) 

. " " A *- • • • i^b; • • • (c) 

The beam AB sustains beside the direct stress, the 
bending moment which at any point distant x from A is 

. iW(l-a) P) 

A to a . . { — —. - 7 } x, 

11 2 ) 

fltoC. . Wa-(*+ ^y\x, 

CaB . .(?-i)a-* 

so that for the internal work due to the same we get by 
referring to Eq. (3) the following expressions: 

in which I denotes the moment of inertia of the section 
of the beam assumed tp be uniform throughout. 

Summing up the several works, we get for the total in- 
ternal work: 

a) = (a) + (b) + (c) + (</). 

Since the value of P must be such as to make & a mini- 
mum, we get for 



IO 
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dP 



the following expression, 



P? 



PP 



Ph 

EsA 2 + 2 EsAJv 1 ~*~ 16 E l A l h 2 



2EJI 



Wa* (/ 



+ 



3* 
W(P-8a*) 

24 



a) Pa 8 
+ 6 



8 24 + 48 J °' 

from which 



P = 



3 aP — 4 a 8 
48 E^ 



+ 



+ 



Z 8 



JF 



(5) 



E^4 2 2h 2 E 8 A 9 16 h 2 E t A 1 48 EJ 



To obtain the stress in each member it is simply neces- 
sary to substitute this value of P in the expressions for 
stresses already given. It is evident that the beam AB is 
subjected to bending and direct stress combined. 

Differentiating the second member of Eq. (5) with re- 
spect to a and setting the derivative equal to zero, it will 

be found that P will be maximum for a = - , as might be 

anticipated. 

10. For a uniform load w per unit length we have but 
to substitute wda for W in Eq. (5) 

-* >i and integrate between given limits 

of loading for each half span. 
J5^"" Thus for partial uniform load a{uo 

wg. 5 ( Fi g- S) we get, 
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II 



96 EJ 



a^w 



h 



(6) 



+ ■ 



+ 



E 2 A 2 2h 2 E i A s 16 h 2 E t A l &E X I 
and for full uniform load wl, 



3S4EJ 



(7) 



+ 



+ 



E 2 A 2 2h 2 E*A 9 16 WE^ ' 48^/ 

Example. — A wooden beam 12 in. x 10 in. x 20 feet 
long between supports, is reinforced by a steel rod 2 in. in 
diameter and a cast iron strut 3 in. sq. and 2 ft. high. To 
find the stress in each member due to a full uniform load of 
1,200 lbs. per ft. run. 
In this case 

/ = T V x 10 x 12 8 = 1440 
A x = 120 A 2 = 9 A z = 3.14 h = 24 / = 240 
i = 122.4 w = IO ° ( a ^ m i n - anc * N>s.) 

Assuming 

£ 8 = 30,000,000 lbs. per sq. in. 
E 2 = 15,000,000 " " 

J5j = 1,500,000 " " 

we get in Eq. (7), 



Sftv 



h 



= .00000018, 



so that 



384 £,/ ' £ 2 .4 2 

2-^r, = 000017 ' ^a = ■ 0000 ° 8 * 

?fer ~ 000133 ' 

.P = 12,610 lbs. 



12 
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Denoting by m the moment at any point x of the beam, 
we have, 

24,000 — 12,610 100 0? 

M = X 

2 2 

dm 
The maximum moment will be found when—- = o; i.e., 

ax 

tor x = 57 in., so that 

max. m = (5695 — 2850) 57 = 162,165 in. lbs. 

The maximum fibre stress in the beam will therefore be 

162,165 , 12,610 240 1 „ 

— - X 6 H X -V X = 938 lbs. per sq. in. 

1440 2 48 120 ys * 1--1 

The tension in the tie-rod is equal to 

12,610 122.4 1 „ 

X X = 10,240 lbs. per sq. in. 

2 24 3.14 

The intensity of compression in the strut CD is simply 

12,610 

= 1,401 lbs. per sq. m. 

9. 
The following table shows the comparison of stresses in 
the members as calculated above, with those obtained by 
assuming the beam first to be continuous over three fixed 
supports and then to consist of two discontinuous beams. 





P in Lbs. 


Max. fib. stress 

in beam, lbs. 

per sq. in. 


Dif. 


Tension in tie- 
rod, lbs. per 
sq. in. 


Dif. 


Beam contin. on yield 
sup 


I2,6lO 


938 




10,240 




Contin. on 3 fix. sup. 


15,000 


1,062 


+ 13% 


I2,l8o 


+ 19% 


Discon. at centre . . 


12,000 


1,000 


+ 6i% 


9>74<> 


" 5% 



11. In the" trussed beam of Fig. 6 the central panel, 
owing to its lack of diagonal, is incapable of transmitting 
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shear except through the beam itself. For this reason, so 
long as the relative positions of points C and E are verti- 
cally unchanged (which 
would practically be the w t fl _ w« 

case when the beam AF A,F=^=*t — t J* 
has sufficient rigidity to 
remain nearly straight 
when loaded) the stresses 
in BC and DE may be 

assumed to be equal. Let P denote the pressure in BC 
or DE, then by retaining the notations of the preceding 
case, we obtain the following works of resistance due to 
any load W, located between A and B : 




Fig. 6 



Work in BC and DE . 
" " AC, CE and EF 
" " AF . . . . 



F*h 
EiA % ' 



F 2 /. 8 , P\ 
>A*fr 2 V 54/' 



E^AJv 
P 2 P 



18 E x A x h 2 

The bending moment in the beam causes the following 
work: 



drixc-^-'W x 



W x a % (I - x) 
I 



- Pxl dx 

Summing up these expressions for work and setting the 
first derivative of the sum with respect to P equal to zero, 
we get, 
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/ \i62 2 3/ 27 9 

2^ 2 **>/"] 

+ -si 8r-J = ' 

from which 

(2 p - 3 g t 2 ) g t 

p = — I i ir^- 3 «- ^- ( 8 ) 

2 fr 2 j 8 Z 8 P 5/* * w 

£^ + E*A z h 2 + 27 £ 8 4 8 /* 2 + 9 E^tf + 87^7 

For any load W 2 between B and D we obtain in a similar 
manner as for W x the following expression for P: 

27 a (l — a) — P 

P l62 ^ 7 - W (9) 

2// 2S 8 P P S P Wr W 

£ 2 .4 2 + E Z AJP + 27 £ 8 ^ 8 /t 2 + gE^h 2 + 81 £,/ 

12. For full uniform load w per unit length, by substi- 
tuting wda for W x and W 2 and integrating, we get, 

11 Pw 



486 EJ 

_2A_, 2P P P $P ' {IC) 

E^A 2 + E*A z h 2 ^ 27 £ 8 4 8 /* 2 + 9 E^ 2 "*" 81 EJ 

Example. — A beam with dimensions, materials and load- 
ing, as in the preceding example, is trussed as in Fig. 6, 
with h = 24 in. / = 83.5 in. Then in (10) we have 
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11 fw , *£ 

= 3-4765, irr& - • oooo2I 45» 



486 EJ '^' ° 7 EtAJi 2 

£L , .00000035, — ^ - .00000922, 

= .00001485, 07^-7= .00039506, 



gE^h 2 ' * °' 81 EJ 

so that 

p = 7,900 lbs. 

Since the moment at any point x between A and B is 

«//-2? SO* 2 

# » 

2 2 

the moment will be maximum for x = 41, and will be equal to 
252,150 in.-lbs. 

Again, since at x from A between B and D the moment is 
wl - 2 P 



■x + P 



H)-^ 



the maximum moment will be found at x = 119 in., and will 
be equal in amount to 87,950 in.-lbs. Taking, then, the first 
maximum, we get for the maximum fibre stress the following : 

252,150 , , / 1 „ 

J J X 6 + 7900 x — T X — = 1,270 lbs. per sq. in. 
1440 3 h, A 2 

The tension in tie-rods AC and EF equals 

7000 X -^ X = 8,7 Co lbs. per sq. in. 

24 3.14 

while that in tie-rod CE equals 

80 1 , ,, 

7000 X — X — — = 8,000 lbs. per sq. in. 
24 3.14 

13. In the two preceding cases of trussed beams, when 
the depth h of the truss is considerable the influence 
of the beam will become lost in comparison to the truss, 



i6 



STATICALLY-INDETERMINATE STRESSES 




Fig. 7 



and such a structure approximates itself to a King or 
Queen post truss whichever it happens to be. 

14. A beam reinforced by sloping struts and a strain- 
ing beam as shown in Fig. 7, is often met with in wooden 

constructions. The 

~^ — ™ — — ~ *-* similar to that of 

Fig. 6. The rein- 
forcing frame 
CEFD could retain 
its form only when 
the forces acting at 
E and F are equal; and since the beam AB will remain 
practically straight under all circumstances, the reactions 
produced at E and F may be assumed to be equal. 
For any load W x between A and E, then, since 2 vert, 
forces = o, 

R + R, + 2 p x - W x = o, 

in which P x denotes that part of P due to W v Taking 
moments successively at B and A, we get, 

It will be seen from these equations that the reactions 
at A and B will, according to modes of loading, be + or — , 
which latter is to be met by anchoring the beam down to 
the supports. 
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The internal work of resistance may now be written, 

£1 £ P 1 V(/-2/ 1 ) r l m*dx 
' W EA k* + 2EAk 2 + J Q 2EI ' 



in which A represents the sectional area of individual 
members of the frame, / the moment of inertia of the 
beam AB, and m the moment at any point x of the beam. 
Substituting in this the following expressions for m (the 
origin of x being taken at ^4), 

atKE . . "<-(•—)_,„ 

and differentiating (o with respect to P t and setting the 
differential coefficient equal to zero, we get, 

p ' = 2f M-2Q i'(3i-H3 Wl • * (II) 

Ah*^ Ah* ^ 3/ 
For any load W 2 between E and F similarly we get 

f ' = 2? l t \l-2h) 1^(31 -Jh) Wt ' ' (I2) 
Ah %+ Ah* + 3/ 

It is evident that in this kind of construction, the beam 
AB may be considered to be free of direct stress. 
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Example. — A wooden beam 12 in. x 8 in. x 30 ft. is re- 
inforced by sloping struts and a straining beam 8 in. x 8 in., 
with l x = 10 ft. and h = 8 ft. To find the maximum stress 
in each member due to a full uniform load of 1800 lbs. per 
ft. run. 

Substituting in Eqs. (11) and (12) the following values, 

i = 12.8 ft, A — 64 sq. in., / = 1152 in. 4 , 

AJ?= I2 > V" = 3 ' 3/ =S25 °°' 

6/ = 69l2, 

we get, 

J^i 11 

a (3 IJ — 3 l\ — flS ) w ^ a 2 x — ^ 
r = ^ 3 2 4 

1 6912 X 2515 6912 X 2515 ■ 



J^ a 'i 11 

^ /i (3 0/ - If - 3 <*') wrfa ^ 
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6912 X 2515 6912 X 2515 

and consequently 

P = P t + P. - ( 2 ><^5o Q -f 55.00Q) 1^X150 _ 8q lb ^ 
1 6912 X 2515 y ' 

Comparing the maximum moments in the side and central 
panels, it will be seen that in this case the greatest moment 
is found at E and F and is equal in amount to 

30 x 1800 — 10,680 X 2 1800 X io 2 , r ., 

- X 10 = — 16,800 ft.-lbs., 

2 2 

so that the maximum fibre stress in the beam will be 

16,800 X 12 



1152 



: X6« 1050 lbs. per sq. in. 
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Other stresses are as follows : 

Sloping strut, 19,680 X — ^- X 7- =492 lbs. per sq. in. 

o 04 

Straining beam, 19,680 X -~- X — — 345 lb s - P er S( l- m - 

o 64 

15. In wooden beam-bridges, the supports, instead of 
being of masonry, often consist of pile-works such as 
shown in Fig. 8. In 
such a construction the lLJ **~~1 

struts move laterally, r-x-ir^l--^- f p f 
owing to the bending of 
the piles. It is neces- 
sary, therefore, in the 
summation of internal 
works, to take in the 
work in the posts, each 
of which having one 
end firmly fixed is simply supported at the other with a 

PI 
horizontal load of ~ acting at C and D. Calling the 

moment of inertia of the pile I and neglecting the influ- 
ence of direct stress as being inconsiderable when com- 
pared with that of moment, we get the following internal 

PI 
work in the two posts due to -7- 1 > the dotted portion of 

the structure not being considered, 




Fig. 8 
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in which M represents the moment at the base of the 
post, and x the distance from A downward. Since the 
value of M must be such as to make this work a mini- 
mum, setting the first derivative of the above expression 
with respect to M equal to zero, we get, 

Substituting this value of M in the above expression, the 
latter becomes, 



ei ( 12 v y 



Adding this to the total work of the preceding case (Art. 
14), and differentiating with respect to P and setting the 
differential coefficient equal to zero, we obtain the follow- 
ing equations for loads W x and W 2 corresponding to 
Eqs. (11) and (12): 

#7(3*1/ -3^-0 

r * 2? / 1 2 (/-2/ 1 ) /A3/-4/J Ifjho-hmK+h )"^ 3; 
Ah** Ah 2 + 3/ 6// 8 / 



2>' 



? . /i 2 (/-^i) . /i 2 (3/-4/ 1 ) / i a (*o"fc) , (3*o+*) 
fc 2_h ^/t 2 + 3/ 6A 8 J 



The actual measure of ^ will always be a matter of 
judgment according to the nature of the ground into 
which the piles are driven. The heads of piles may in 
most cases be assumed to be laterally fixed in position. 
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When there are several consecutive spans with sloping 
struts as shown dotted and in full, the thrusts at C or D 
due to full uniform load will balance each other, and the 
case will be that of Fig. 7, while load on one span only 
will produce action intermediate between the cases of 
Figs. 7 and 8. 

Example. — Using the same dimensions and load as in 
the preceding example (Art. 14) and further with 

h = 18 ft. I = ^ x 15 8 X 15 = 4220 in. 4 

to find the stresses in different members of the frame: 
Here we have as before, 

Ah*- 12 ' Ah* 3 ' 3/ S ' 

Ifi.K-hftiK + h) 
t>hil<> 
so that 

p = 2X 27;5 00 + ^55,000 x i24 x = ^ 

1 69l2(25I5 4-7 2 ) 

Since the moment at any point x from the end of the beam 
in the side span is, in this case, 

1800 x? 



= 72, . 67 = 6912, 



/1800 X 30 \ 

[ i 9 ,i3oj»- 



it will be maximum for x = 4.36 ft., and as it is found to be 
greater than the maximum moment in the central span, the 
maximum moment in the beam will be 

4.36 (7870 - 900 X 436) = 17,200 ft.-lbs. 
The beam acting as a tie for post-heads will have to resist 
a pull of 

Ph(h JLZ h_hW-h*)\ hs 

h\ ho 2hf J y 
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We now have the following intensities of stress : 

_ 17,200 x 12 0020 r ,_ 

Beam . . . — x 6 + ?—— = 1160 lbs. per sq. in. 

1152 96 y 

Sloping strut . 19,130 X —^— X j~ = 47** ^ s * P er S( l-. m - 

o 64 



« . . , 10 I „ 

Straining beam, 19,130 X -q- X — = 373 Ihs. per sq. 

o 04 



in. 



In the post, comparing the moments at C with M, the 
latter is found to be the greater, and we obtain for the maxi- 
mum fibre stress, 

27,000 , 76,756 x 12 
' _|- LJ12 x 6 = 1429 lbs. per sq. in., 



15 X 15 4220 

showing that a considerable stress is thrown into the post in 
such a construction. 
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VIADUCT BENTS 

16. Fig. 9 shows a common form of bents of an ele- 
vated railway, the posts being 
riveted to the cross-girder on top 
and firmly anchored at the base. 
In this kind of construction the 
bending of the cross-girder due 
to loading is transmitted to posts, 
so that the latter are subjected 
to combined stresses. 

The following designations will 
be used: Pie ' 9 

M , M v M 2 , and M z . . moments at points A, C, B 9 and D re- 
spectively. 

I 1 and I 2 the moments of inertia of sections of 

cross-girder and posts respectively. 

h the height of neutral axis of the cross: 

girder above the plane of anchorage. 

b the distance apart of the axes of the 

posts. 

V and V x the vertical reactions, positive upward, 

at C and D respectively. 

H the horizontal reaction at C or D y posi- 
tive when directed toward right. 

E the modulus of elasticity assumed to be 

constant. 

23 
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Calling those moments producing compression on the 
outside fibre of the structure positive, we have the fol- 
lowing moments: 

M t — Hx in post CA at x from C. 

M x + Vx — Hh in cross-girder at x from A be- 
tween A and W. 

M t + Vx — W (x — a) — Hh . . in cross-girder at x from A be- 
tween W and 5. 

M z — H (h — x) in post BD at # from B. 

The total internal work of resistance in the members 
composing the bent, if we neglect the effect of all direct 
stresses as being inconsiderable when compared with that 
of the moment, would be, 

• =7mU k(M >- Hx)2dx+ £ (M '- Hh + H * Hx \ + 7W t 

I" f a (M 1 + Vx-Hh) 2 dx+ riM^Vx-Wix-a) -Hh\*docl 

Noting that 

W (b - a) + M s - M x 

b 

the first derivatives of &> taken with respect to M u if 8 , and 
H successively set equal to zero, will give the following 
equations of -conditions: 



dm 

dM x 






+ g-^r (2 & - a) (b - a) = o 


d<o 
dM z 


-*(5 + 3y ♦<-»&+# 
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m -«+«& + tt) ~ ™C-r. + t) + >-> ~ »• 

Combining these equations, we get the following values of 
H y M v and M 3 : 

3 I*i(b~a) 

M i = -\ lt 1 it - j,Ju7l a Krd a ( b - a ) W • ( l6 ) 
1 2 ( hl x + 2 bl 2 b (6 hl x + bl 2 ) ) v 

2 (hl l + 2bl 2 b (6hl t + WJ ) " 

Since 

M = M x - Hh and M 2 = If 8 - fta, 
we get, 

Mo~-M . ' fcF + wA7l g irJ fl(»-<0W r - ( l8 ) 
2 (hl 1 + 2bl 2 b (6 & J x + 6/ a ) ) 

^.---'i , ' ^ - *7l" }<*(&-*) ^- ( x 9) 
2 (hl l + 2bl 2 b (6 /t/i + fc/ 2 ) J 

Again, since 

we now get 

V + b(6hl ± + bl 2 )) b W {20) 

It is evident that the maximum stress in post AC is 
caused by the combined action of V and the moment M t 
or M 0J whichever is greater. 
Similarly, since 

V^llWa + M^Mtl, 
we get 

V = \i hQ> -a)(b - 2a) )a 
1 ( b{6hl t +bl % ) )b 



26 
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17. If we represent by h and 
h x the distances of the points of 
contraflexure in the posts (Fig. 10), 
since 

M x - Hh* - o, 
M 9 - Hh x - o, 

we get from the preceding equa- 
tions, 




Fi*. 10 



hl x -f 2 bl 2 ( i b — 2g ? 



^/, + 2 bl 2 



(21) 
(22) 



For a = -, then, 

2 



*i ■* "*» 



showing that Af and if 2 will then be opposite and twice 
in amount of M t and M 8 respec- 



M 



w w 



tively. 

18. The same condition will 
obtain in case of loads symmet- 
rically disposed with respect to 
the centre of the cross-girder. **■ 
Thus • in the case of a single- 
track bent (Fig. n), Eqs. (16) to (19) will give for a 
loading of 2 W, 



I I 



M* 



Fig. 11 



jr. -jf, -- '/;«<* "I? it 



hl x + 2 bl t 



(23) 
(24) 
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19. In case the posts are hinged at C and D (Fig. 12), 
M x and M 3 will disappear from the preceding equations, 
and 



H = 



3 I 2 a (b - a) 



2h(2hl 1 + sbl 2 ) 



W 



Consequently, 



M Q = - H h = - 



3 I 2 a (b - a) 



■IP. 



(*5) 



(26) 



2(2/^ + 36/2) 

If the posts were hinged at A and B } there would of 
course be no moment in the posts. 





rt 






Mo 


A 7 


F~ B 


M a 




s , 


^ 




*| 


* 6 


uJ 


w 
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Fig. 12 



Fig. 13 



Example. — In the elevated-railway bent of Fig. 13 to 
calculate the maximum stress in posts under full loading. 
Given, 

I t = 24,000 in. 4 



I 2 — 1 000 in. 4 



A 2 = 24 ins. 2 

W — 50 ,000 lbs. 

From Eqs. (23) and (24), 



Mo- - 



2 ^ ^ „ 
■ 2J a - *) "* ~ 5 82 >35° m.-lbs. 



hl x + 2bl 2 
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b 

I W ' 

^ = wr+r^5; fl(& " a)=29I,I70in, ' lbs " ' I 

b I 

v = X ~ir w = I00 ' 000 lbs - ' 



The maximum stress in the post will then be, 

c82,*co , 100,000 ,, „ . 

^ — ^- X 6 + = 7660 lbs. per sq. in. 

1000 24 ' 

Stresses due to moment in the longitudinal plane and 
those due to changes of temperature remain still to be pro- 
vided for in the posts. 

In case the lower end of each post is hinged, we get from 
Eq. (26), 

b 
.(»*/'+"»/.) %»«>-«)=- 450,000 in,lbs., 



If.-- 3/ ^ 



2 



so that the maximum stress in the post will be, 

4C0.000 , 100,000 , Q „ 

^—^ X 6 -\ = 6870 lbs. per sq. in. 

1000 24 

It will thus be seen that so far as the vertical loading 
is concerned, the stress in the post is increased by fixing 
the lower ends of the posts. 

20. Wind pressure also produces moments in the posts 
and cross-girder of a bent. In the bent of Fig. 14, in 
which the posts are constrained at both ends, the wind 
pressures P and P v assumed to be acting as shown by 
arrows in the axis of the cross-girder, tend to deform the 
bent, as shown exaggerated in the figure. With the sym- * 
metrical disposition of materials and end conditions, as 
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is the case under consideration, it will be easy to see, 
without going into analytical works, that so long as we 
do not take into consideration the lengthwise defor- 
mation of the girder AB> 
which is generally inconsider- 
able when compared with the 
deflection of the posts, the 
relative position of points A 
and B would always remain 
unchanged, and as a conse- 
quence both posts would be 
equally bent by P and P l} or, in other words, the reactions 
H and H t would be equal, and the points of contraflex- 
ure in the posts would be at the same height above C 
and D. Then, since equilibrium requires that 




we may put 



P x + P - (H + H x ) - o, 
P + P x 



H = 11,= 



(27) 



Passing a section through one of the points of contra- 
flexure, and representing by S and T the direct and tan- 
gential stresses at the section of the upper portion (the 
opposite stresses of equal amount being assumed to be 
acting at the section of the lower portion), we have 

H = T, 

and taking moment at C (moments + when producing 
compression on the outside fibre as before), 



M t = H h 
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In the upper side of the section, taking moments succes- 
sively at A, o, B and D, we get, 

M = -H(h- h ). 
Sb= -(P,+P)(h-K). 
M 2 = -T(h- h ) -Sb = H(h-h Q )=- M . 
M 3 = Tho-Sb- (P + P x )h = - Hh Q = - M v 

The moment at any point of the frame may now be 
expressed as follows, the origin of x being taken at A, 
C, and D respectively: 

Cross-girder, M + M * 7 M ° x = - II (h - h ) + 2g <*-*>> x . 
o b 

Left, post, M x + M °~ Ml x = H (A, - x). 
h 

Right post, M z + M * ~ M * x = H (- & + *)■ 

Neglecting the influence of direct stresses and shears as 
before, we obtain for the internal work: 

• = ■&£*- *« )2 (x- 'j** + ss^ - *> 2 ^ 

Putting the first derivative of a> with respect to h , equal 
to zero, we obtain, 

* , "M, + 6ik/ 1 * (28) 

and consequently, 

jf.-Jf,-ff(k-* 1 )- s; L j L fi *ff. ( 29 ) 

Jf t — Jf.-ffik.-g^ikff .... (30) 
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The direct stress in the post is S, being compression in. 
AC and tension in BD. 



s = (P l +F)(h 



(3i) 



The posts are, therefore, subjected to bending and direct 
stress combined. 

If the posts were hinged at the base, M l and M 3 would 
disappear, and as h would then be equal to o, we get 

M - - M 2 = - H h. 

The reverse actions would take place if the girder were 
hinged to the posts while the latter are fixed at the base. 



p i-tJ ! 




Mo 
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Fig. 16 



1/ 

^eoooi 



.15' 



21. In case the wind pressure P 2 acts on the train at a 
distance of d (Fig. 15) above the axis of the cross-girder 
in addition to P and P t acting on the structure as before, 
the bent will beside its own weight be subjected to forces 
due to the overturning moment of P 2 , as shown in the 
figure. The moments as found by Eqs. (16) to (19) for 
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vertical forces are in this case to be combined with those 
by Eqs. (29) and (30) for horizontal forces to obtain the 
resultant moments and reactions. 

Example. — In the bent of the preceding example, suppose 
wind pressures of 12,000 lbs. and 6000 lbs. be acting on 
the exposed surfaces of the train and viaduct respectively 
(Fig. 16). 

To find the stresses produced in the posts due to these 
wind pressures only. 

Considering the horizontal forces only, a pressure of 1 8,000 
lbs. acting at the axis of the cross-girder will cause in lee- 
side post, according to Eqs. (29) and (30), the following 
moments : 

u 45 X 24,000 18,000 ^ . „ 

M = -^ - X 15 X — = —66,780 ft.-lbs. 

24 x 1000 + 90 x 24,000 2 ' 

. 24 X 1000 + 45 X 24,000 ^ ■ 18,000 , Q ^ ., 

M t = X is X =.68,240 ft.-lbs. 

1 24 X 1000 + 90 X 24,000 J 2 

The overturning moment of wind pressure on the train 

produces one upward and another downward pressure of 

1 2 000 x 10 

— - — = 20,000 lbs. on the cross-girder at A and B, 



for which we get, from Eqs. (18) and (16), 

1000 ( / 2 , 24 — 30 \ 

M = x 20,000 { —= -^— 1 15 x 9 

2 (\4o8,ooo 52,416,000/ J y 

- (—£ + 24 1 42 1 21X3U- 3580 ft.-lbs. 

\4o8,ooo 52,416,000/ ° ) OJ 

_ _ 1000 ( / 1 24 — 30 \ 

M t = X 20,000 < — -2— 15 x 9 

2 ^408,000 52,416,000/ ° y 

- (—£ 24 ~ 42 ) 21 x 3 [ = 1700 ft.-lbs. 

\4o8,ooo 52,416,000/ ) ' 
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As to the direct stress in the posts, we get, from Eqs. (31) 

and (20), 

18,000 (h — k ) 

V = f- - + 5000 = 10,565 lbs. 

24 

The maximum fibre stress in the left post due to wind 
pressure will therefore be a compression of 

(66,780 + 3580) 12 , , 10,565 

l__iZ _L_£2 — i — x 6 + ° 3 = 5505 lbs. per sq. in. 

1000 24 DD D r *t 

This amount of fibre stress is but little less than that due 

to full loading found in the preceding example. 

In case the lower ends of the posts are hinged, M would 

be 

— 9000 x 15 = — 135,000 ft.-lbs. nearly, 

and 

12,000 x 25 + 6000 x 15 
V = = 16,250 lbs., 

24 ° 

so that the maximum fibre stress will not be less than 
135,000 x 12 x 6 16,250 



1000 



+ 



24 



= 10,397 lb s - P er S( l- * n - 



These figures show that 
the decrease of moment due 
to vertical loading by hing- 
ing the lower ends of the 
posts is far more than neu- 
tralized by the increased 
moment caused in the same 
by wind pressure. 

22. In a bent with simple 
cross-bracing, such as shown in Fig. 17, acted on by 




Fig. 17 
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wind pressures P and P„ if we suppose all the joints 
of the bracing to be hinged, there would be two points 
of no moment in each post, viz.: A,B, and the points of 
contraflexure o, o. Also there would be no moment in 
any member of the bracing. Passing a section through 
o of the post AE, and denoting by T and S the tangen- 
tial and direct stresses acting at the section of the upper 
portion, as in the preceding case, we have 

2 

Taking moments at E and C, 

M, = H K, 

M„= - T (/- K) = - H (/- K), 

Mi = — M , 

M, = - M v 

Taking moment at o of the post BF, 

-Sb- (i\ + P) (h - h„) = o, 

s = _(P i + PHh-h ) ^ 

Then at any point distant x from E we have the follow- 
ing moments in the post AE: 

E to C, M x + M ° ~ Ml x = H(h - x). 

CtoA, M -^(x-/) = H{/-h ) {^f - i) . 

The corresponding moments in the post BF have simply 
the opposite signs. 
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Neglecting, then, the influence of all direct and tan- 
gential stresses both in the posts and bracing, we get for 
the internal work of moments in the posts: 

Integrating, we obtain, 

Differentiating <a with respect to h , and setting the dif- 
ferential coefficient equal to zero, we get 






so that 



M x --M,= 2{h+2/) H (34) 

M ' — M ' — 7W+U) B • • •'• (3S) 

To obtain direct stresses in the posts and braces, pass 
a section through AB, AD, and CD; then, considering 
the left portion of the section as far as to the point of 
contraflexure, the moment taken with respect to D will 
give, by calling, as before, compression — and tension + : 

- Sb -T (/- h ) - P x e + TB . e = o, 
from which 

JB __ S* + T{f-hD + Pxe = _ (p + p j (h-h) ( P t - P ' 
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Taking moment at A, we get 

- T (h - h ) - CD . e = o, 



from which 



CD = - 



T (h - ho) 



(P + P,) (h - K) 
2e 



Further, since %V = o at the section, 

- — S — AD sin a = o. 
Whence 



AD=- S 



sin a 



(P, + P)(h- h ) 
b sin a 
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The direct stress in either post is 
nothing else than S y being com- 
pression in AE and tension in BF. 
In case the wind pressures are 
supposed to be acting at points 
C and D (Fig. 18), the condition 
of affairs remains unchanged so 
far as moments in the posts are 

concerned. The only differences with the preceding case 

are in direct stresses. Since, here 

(P, + P) (/- hp) 

S- - b , 

we get for the direct stresses in posts and braces the 
following expressions: 

(P t + /»)(/-*o) 

_ _ t 

2e 

2 6 
(P t +P)(/-h ) 



AB = -. 



^ == _(P l + P)(h 



AD = + 



b sin a 



VIADUCT BENTS 



37 



It is to be noted that the neglect of direct stresses in the 
calculation of internal work implies the indeformability 
of the frame ABCD, which is evidently not true, but the 
effect of its deformation is generally so small that the 
formulas deduced above will 
be practically correct. 

This form of construction 
is more common in portal 
bracing of a metallic bridge 
than in viaduct bents, of 
which former, the following 
example furnishes a case. 

Example. — In the portal 
bracing of Fig. 19 find the . 

stresses in braces and the greatest fibre stress produced in 
the posts in carrying the wind pressures as shown, down to 
the masonry. 

From Eq. (33), 

16 (44 4- 16) 




Fig. 19 



h = 



= 8.9 ft. 



2(22 + 32) 
From (34) and (35), 

M t = 13,500 x 8.9 = 120,150 ft.-lbs. 

M = — 13,500 (16 — 8.9) = — 95,850 ft.-lbs. 

From Eq. (32), 

27,000 (22 — 8.9) 

5 = ±-z — = — 22,100 lbs. 

16 

Consequently the maximum fibre stress in the post will be 



22,100 120, ico x 12 

+ L 3TTT X J S 



3105 lbs. per square in., 



55 8oo ° 

being tension in the right post and compression in the left 
one. 



3« 
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Supposing the diagonal braces to be capable of resisting 
tension only, only AD would be in action with the given 
direction of wind pressures, and we get, 

T5 , x (22 — 8.o) 2000 — 25,000 _ „ 

AB= —(2000 + 25,000) * -^H ^ = —40,980 lbs. 

2x0 2 

-— (2000 + 25,000) (22 - 8.9) 



CJ9= - 
AD 



2x6 

(2000 + 25,000) (22 — 8.9) 
16 x .35 



= — 29,480 lbs. 
= + 63,160 lbs. 



23. In a bent with knee- p? — ^ 
bracings, such as shown in 
Fig. 20, assuming all the 
members to be hinged at 
their connections and the 
base of each post firmly 
anchored to the masonry, 
we have, as before, 




Fig. 20 



H = 


B x ~- 


1 

» 

2 






T = 


H, 








5 = 


(P + 


p.) (k - 

b 


ho) 

» 




M = 


- M a = 

- M 2 = 


-H(/ 


-w, 




M. = 


- M. = 


- H (h 


- hJ 


(b- 2C 



h representing the height of the points of contraflexure 
as in all the previous cases. 
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Considering bending moments only, we get for *> the 
following expression; the origins of x being taken at C, E, 
A, and F: 

"-W,£ i, ''- Hxy ' d * + k£(' , '-T*)' d * 

in which I x and I 2 represent the moments of inertia of 
the strut AB and posts AC and BD respectively. Since 

dM r _ dM _ dM i __ (b — 2a\ 
dk " "' dh " M * dh " ^ \ b~ / 

we get for 

d(o 
dk 

from which 

6/ 1 (2U/)/+/ 2 (^2a)^ 
*° ~ 2bl x (h + 2/) + h (b - 2a) 2 ' . * " {30) 

Knowing h , the moment at any point of the bent may 
at once be written. Thus, 
C to E, H (h — x), origin of x taken at C, 

EtoA, — H (/— /t ) f 1 ) » origin of x taken at E, 
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(h 2 n\ X 
— J-, origin of x taken at A, 

F to G,—H (h — h ) ( ~, J ( i ~ h 2 _ X ) > origin of x taken at F. 

The moments in the right half of the frame are simply 
opposite in signs to those of the left. The direct stresses 
are obtained in the following manner: 

Passing a section through A and EF, and considering 
the left portion above o, the moment taken with respect 
to A will give: 

-T (h- h ) -EF - i = o, 
or 

EF= _ H ( h r K) = -GK. 
i 

In the same section, since 2F = o, 

- S + AE + EF cos a = o, 
from which 

AE=S-EFcosa^ H ^ h - h ^ b - 2a) =-BK, 

ab 

CE = S=- 2H{h - ho) =-KD. 



Passing a section through AF and EF, and considering 
the left position of it, since 2 Horiz. forces = o, 

H - P x + AF + ~EF sin a = o, 
from which 

AF = P *- P + H & - ^ . 
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A vertical section through FG will give for the left half of 
the section, 

H - P t + fg = o, 
or 

FG= H + P. = ^ -- 

1 2 

At a section through GB and GX we have for the left 
portion of the same, 

H - P t + GB + GK sin a = o, 

from which 

— />, - P H(h-h ) 
2 e 



Like the last case, this form 
of construction is often used 
for portals, especially of a 
wooden bridge. The fol- 
lowing example is a case of 
the latter. 

Example. — To calculate 
the stresses in the portal of a 
wooden bridge, of Fig. 21, due to wind pressures as shown. 

Here I, - 1*J* = 864 i n .*, 

1 12 

12 x 18 8 . A 
h = = 5832 in. 4 




Fig. ai 



Substituting in Eq. (36) the values of several terms, we 



get, 



= 15 X 864 x 42 X to + 5 8 3 2 X 5 2 X 16 _ 
"° 2 x 15 x 864 x 36 + 5832 x s 2 " 7 ' 21 *■ 
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t-i_ • tt 9000 + 1000 lu 

Then, since H = = 5000 lbs •> 

Mi = 5000 x 7.21 = 36,050 ft.-lbs. 

M *= - 5000 (10 - 7.21) = - 13,950 ft -" lbs - 

Jf 4 = — 5000 (16 — 7.21) — = — 14,650 ft.-lbs. 
The following are direct stresses : 

-^r= 10,000 (16 — 7.21) 

CE = — - = — 5860 lbs. 



EF= - 



1 5 

5000 (16 — 7.21) 



_ 3-8 

GK= +. 11,566 lbs. 

9000 — 1000 5000 (16 — 7.21) 
2 + 6 

^^ _ 9000 — 1000 
2 



AF-- 



FG = 



= — 11,566 lbs. 

= 4- 1 1,325 lbs. 



= + 4000 lbs. 



^ = 9000-1000 _ 5000(16-7-21) = _ 3325 lbs . 

The following comparisons of maximum stresses in 
members, as calculated on assumptions of fixed and piv- 
oted ends of end posts, show that there is a considerable 
margin of safety in the statical calculations as generally 
followed in designing a portal brace of this kind, when 
the post ends are really fixed. 

MAXIMUM STRESSES IN LBS. PER SQ. IN. 



End Conditions. 


AC. 


EF. 


AB. 


Direct. 


Bending 


Total. 


Direct. 


Direct. 


Bending. 


Total. 


Fixed . . . 


27 


668 


695 


321 


157 


1221 


1378 


Hinged . . 


49 


926 


1075 


6 5 8 


240 


2223 


2463 



CHAPTER III 

CONTINUOUS GIRDERS 

24. Let Fig. 22 represent two consecutive spans of 
a continuous beam, sup- 
posed to be resting on im- 
movable supports of such 
heights that the girder 
would be unstrained were 
it completely unloaded. 

The following designations will be used throughout the 
discussion: 



i-JS 



4s 

Pig. aa 




M„ M 2 , M t . 
RvV ■ • • 

&j"> ^8 • • • 



a, b . . . 

/„/, • • 

m v nt v tn^j w 4 
E. . . . 



. moments in the beam at the supports A , B f C 
respectively. 

. reactions at A and B respectively, due to mo- 
ments and loads in span l v 

. reactions at B and C respectively, due to mo- 
ments and loads in span / 2 . 

. distances of loads from A and C respectively. 

. moments of inertia of the beam at A B and BC 
respectively. 

. moments at any points between A and W v W t 
and B, B and W 2 , W 2 and C respectively. 

. modulus of elasticity assumed to be constant. 



Forces acting upward are positive, and vice vers&. 
Moments causing compression in the upper fibres are posi- 
tive, and vice vers&. 

43 
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Tension is taken as positive, and compression, negative. 
Neglecting the effect of shear, we have for the internal 
work in the beam, 

The reason for taking two consecutive spans as an ele- 
ment of indefinitely continuous girder and confining the 
summation of internal work to them, lies in the fact 
that in order to find the value of M 2 which will make a> 
a minimum, it is unnecessary to go beyond the two spans, 
since M 2 depends, as will be seen immediately in the fol- 
lowing, on M x and M z and loadings on l x and l 2 only. 
Calling, as before, those moments producing compression 
in the upper flange positive, and vice vers&, we get the 
following equations: 

m x = M x + R x x, origin of x at A, 

w 2 = M x + R x x — W x (x — a), origin of x at A, 

m, = M s + RtX — W % (x — b), origin of x at C, 

w 4 = M 9 + R&, origin of x at C, 

p W x (l x - a) M 2 -M x 

1 = T x — T x — ' 

p w 2 (i 2 X -b) mI-m % 

* 8= 1 + — 7,— ' 

Substituting these equations in the expression for work, 
and setting the first derivative of the same with respect 
to M 2 equal to zero, we at once obtain the following 
equation : 

^ = ±(M X + 2M 2 ) + J(2M 2 + M 8 ) + ^(k 2 - J) 

+ jfw-V)-° • (37) 

T3 
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Whence for any number of loads, we get when I x = I 2 the 
following: 

2,Wa *2Wh * 

^i+2¥ 2 (/ 1 H)+M 8 / 2 =-^(/ 1 2 -a 2 )-T-( / 2 2 -^ (38) 

25. For partial uniform load w per unit length (Fig. 
23), we have but to replace W x and W 2 with wda and 



Fig. 23 . Pig. 24 

wdb in (38) and integrate between given limits to obtain 
the following equation: 

ID ID 

M& + 2M&+Q + MJ,- - ^-(a^V-0-77(*W-0-(39) 

4't 4*2 

For full uniform load, Eq. (39) becomes 

It) 1 * wl * 

JfA + 3 Jf 1 (/ 1 + tf + Af^ --=£-_ I22_. . ( 40 ) 

4 4 

26. In case both ends of the girder are free and simply 
supported (Fig. 24), M x and M 3 will be equal to zero, so 
that we get from (38), 

**•&+« --^(tf-^-^ft 1 -*) . (41) 



Ir— %— 1 



^H 1 



Fig. 25 Fig. 26 
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27. If the left end of the girder were firmly fixed and 
continuous at the other end (Fig. 25), then it would be 
equivalent to making I x = 00 in Eq. (37), and we get 

2 M 2 l 2 + M 8 [ 2 = -±p(l>-b>). . . . (42) 

28. Similarly if the right end were fixed and contin- 
uous at the other (Fig. 26), we would obtain 

h 
MJ l + 2MJ l =-^(l>-a') . . . (43) 

29. When a beam with uniform cross-section is con- 
tinuous over several supports (Fig. 27), apply Eq. (38) 



i/lrO 




Ms 




M 3 




M 4 




M 6 


A 


•fc 


a. 


h 


Zl 


h 


u*. 


k 


A " 



Fig. 27 



successively to every two spaces (paying attention to 
suffixes), in the following manner: 

, ai , *, n , / x , i# / £wa(h*-<*) Wb(l 2 - b 2 ) 

l t and / 2 , + 2^ +/ 2 ) + il/ 8 / 2 = - ^ ' 



l 2 and / 8 , 3/^ + 2M 8 (/ 2 +/ 8 ) +^4/3= - 

4 and / 4I Ms/g^ 2M 4 (/ 8 +/ 4 ) +il/ 6 / 4 = - 

In this way as many equations as there are unknown 
moments could be obtained. The rest is a purely alge- 
braic work. 



k h 




%Wa(l*-a>) §Wb(tf- 


-IP) 


%Wa(l a 2 -a 2 ) %Wb(tf- 


-V) 


h h 
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jMi 



% 



r 



30. In all the foregoing cases of continuous beam, the 
supports were supposed to be unyielding. If, however, 
the beam were made to rest on a comparatively yielding 
support or supports, such 

as tall metallic columns mj--*-^ 1 ^ *tr**~ 

for instance, then the 
deformation of the latter 
would modify the bend- 
ing moment in the beam 
by so much as the de- 
flection produced by the 
sinking of the support makes the beam to take up a por- 
tion of the load. Fig. 28 shows a beam continuous over 
three supports, of which the intermediate one is a 
column of the same material as the beam. 

Using the same designations as before, we have for <o 
due to W t only 



Fig. a8 



ji/ir-^i 



tn 2 dx + 



f mid. 



'xi 



, hR* 



2EA 



in which A represents the cross-sectional area of the col- 
umn, and R 2 the pressure acting in the same. 
Since 

W t (/, - a) M 2 -M, 



R,= 



R» = 



M,-M 2 M s -M 2 , W x a 



h 
M 2 -M t 



k 



+ • 



T' 



R, + R 2 + /?, = W v 
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and m x = M x + R t x, origin of x at 4, 

w 2 = Af j + 2^* — W^ (# — a), origin of x at 4, 
w 8 = M a + 1? 8 *, origin of x at C, 

substituting these in the equation of work, we get for 

dM 2 = °' 
^ | M,/, + 2 M 2 (/, + Q+MJ t + ^ (/,* - a 2 ) | 

-M^ + ^^H 

In case If, = o, and M s = o, we get 



/, I 6/ ^ y, wj J 

3/ '4 V 



*'— k±J, + J>(l ™ "> (44> 



For W t and W 2 



V.aSlt-a* hti i\\ WJ>\l?-V h/i t\\ 
/, J 6/ ^V, V$ *« I 6/ 4 V) , 

3 / + 4i. v 



m 2 — ^ , v v r \,r u» — — ■(«> 



If /, = /,= /, we get for IF, 

a(P — a 2 ) 2 ah 

2= li i* ^ (4) 

3l + AP 



whence 

>W3 



*,- ^f^ W. <47> 
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31. If, owing to any cause, the central support were 
found, either to yield when loaded or to be so displaced 
that the beam has to deflect to bear on the supports, the 
force exerted simply to keep the beam on to the latter pro- 
duces reactions and moments. That force is no other than 
R 2 which has for its displacement the deflection of the beam. 

Represent by A h the deflection of the beam at the cen- 
tral support, reckoned in 

the direction of the force, — g^^^ ^si! — zr- 

T l lr T R * 

acting through it, i.e., neg- |^_ ^ | R * f> I 

ative for sinking, and vice 

vers&. Let M 19 M„ etc., 

be moments caused by the motion of the support. Then, 

according to the first theorem of Castigliano (Art. 6), 



Since 



«;-**• 



_ M t -M 2 , M s -M 2 

K 2 = - i 



and for the internal work we have as before, 

* = 6E~I (M * + M ' M * + M * } + 6£7 {M * + M * M ' + M » 2) ' 
making M 3 the variable, 

we get 

I + h 
from which 

MJt + 2 M 2 (l t + l 2 ) + MJ 2 =-6 EI Ah (j + i). (48) 
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In case the central support sinks by s, then A h = — s, 
and if in that case the ends of the girder were free, we 
would have 

2M 2 (/ 1 + / 2 ) = 6£/s(i+ / ^ .... (49) 

If, instead of the central support, the left support, for in- 
stance, deflect by A h, then in this case, since 

•-££& + «• 

*• ., MJ, (/, + Q 

tar — jei — ' 

,. $EIAh , 

*'-<T& + U (so) 

Example i. — A continuous girder with a length of 200 
ft., and a uniform section whose depth is 16 ft. and moment 
of inertia 552,960 in. 4 , is supported at its centre by a metallic 
pier 50 ft. high and 50 sq. in. in section. To calculate the 
maximum stresses found in the chords and pier due to a full 
uniform load of 3600 lbs. per ft. run. 

From Eq. (47), 



we get 
whence 



f\zaP-a*\ 



') wda 



$Pw 



R * = 2 "°~ TTh — 1^~ = ~~7Ih — YK = 44 °' 000 lbs# 

Since 

2 R t + R 2 — 3600 x 200 = o, 

« ^ 440,000 ., 
R t = 3600 X 100 = 140,000 lbs. 
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Comparing + and — moments in the girder, the latter 
will be found to be greater in this case, being at the central 
support 

^ IO ° 2 ^ n_ 

140,000 x 100 — 3600 x = — 4,000,000 it.-lbs., 

from which we obtain for maximum flange stress in the girder, 
4,000,000 x 12 2 x 8 



55 2 >9 6 ° 
and for the stress in the pier, 



= &333 ll >s. per sq. in., 



440,000 00 „ 

— = 8800 lbs. per sq. in. 

50 

Example 2. — If in the foregoing example the central 
support were of masonry, so that it might be considered 
practically indeformable, but owing to yielding foundation, 
suppose it to settle by .176 in., what would be the moment 
and reaction at the centre, assuming E = 30,000,000 lbs. per 
sq. in.? 

From Eqs. (41) and (49), 



M > = -7fJ 





! ) wda + 


P 


— 


""-" 


8 +- 


v- 


3600 


X ioo 2 3 

8 ' 


X 30,000,000 


X 


55- 


2,960 X 


.176 






IOO 2 


X 


12* 


t 




= - 3>993 


,120 ft.-lbs., 














from which 

















R 2 = 2 (3600 X 50 + 3,993,T j = 440,000 lbs. 

32. When the truss forming a continuous girder is of 
considerable depth, the influence of deformations of web- 
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members which has been neglected in the foregoing dis- 
cussions becomes felt to some extent. A method of tak- 
ing the same into consideration will be explained when 
deducing formulas for swing bridges. Trusses contin- 
uous over several supports are, owing to several draw- 
backs, so seldom constructed, that it will not be necessary 
to go farther into the subject in this place. 



SWING BRIDGE, WITH THREE SUPPORTS 

33. For a swing bridge with three supports, when it is 
of plate girders or trusses of comparatively small depth in 

which the effect of defor- 



us. 



ML 



id 



T 



F/«. 30 



mations of web-members is 
inconsiderable when com- 
pared to that of chords, 
Eq. (41) may be used with 
correctness sufficient for all 

practical purposes, and from it other necessary equations 

may be at once written. 
In (41) making /, = l 2 = /, 



Jf,- 



%W X a(P - a 2 ) + SWy> (P - V) 
4? 



(ST) 



*i= j\M 2 + %W t (l-a)l, 



** = 



R,= 



(-jMj + S^ + S^), 



\M a + %W 2 (l-b)\, 



R l + R i + R t = %W 1 + %W t 
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34. When both ends of the bridge are simply sup- 
ported without being raised, the dead-loads act as on two 
overhanging arms, either when the bridge is closed 
or open, the live-load alone 

acting as on a continuous Y — «*H Y — fc- 

girderon three supports when 
both arms are loaded par- 
tially or fully. ng. 31 

When the moving load is 
a uniformly distributed one of w per unit length (Fig. 31), 
then from Eq. (39), 




m 



i. 



M 2 = - 



affrp-g*) + b l 2 (2p-b 1 2 ) 



*-?♦ 



16/ 2 
wa y (2 / — <z t ), 

Vi ' 



w 



(5») 



M 2 wb x (2 / - b, ) 

R t + R 2 + R s = w (a x + b t ). 

If in this case, one arm only be loaded, then the end of 
the other arm would be lifted clear of its support, and the 
loaded arm would be a simple girder with span length /. 
This mode of loading generally gives maximum positive 
moment and shear, which are for the left arm at any 
point distant x from the left end, 

m = — (I — x) for full load, 
2 

njn (7 OcS^ 

s = •— - — — — for load covering (/ — x), 
2 1 
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s denoting shear taken as positive when it tends to move 
the left side upward past the right side of the section. A 
little consideration will show that the greatest negative 
moment and shear at any point of the left arm will be 
produced by the greatest negative amount of R x com- 
bined with load between the point 

jmi %mmmm^ and the left end of the arm. Now 

P"*^ from the expression for R t it will 

be seen that all loads on the right 
arm make ^ negative, while those on the left arm posi- 
tive. Consequently the maximum negative moment and 
shear at any point x (Fig. 32) will be caused by the 
load covering the right arm and the portion of the left 
arm between the point and the left end of the arm. 
They are, 

wx 2 {x 2 (2 P - x 2 ) + I 4 x (I - x) ) 

-***- — — \ 167 7j-\ wx > 

s= Rl -v>x=- J -^ +_J«. 

The absolute maximum negative moment will, for the 
same reason, be found at the central support when both 
arms are fully loaded. 

These considerations are all that will be necessary in 
determining maximum stresses in different members of 
the truss. 

35. In case both ends of the bridge are fully lifted, the 
dead-load will be supported on three supports when the 
bridge is closed, and the central moment due to the same 
is to be calculated with Eq. (51) or (52). 



m 
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36. When the girder, instead of being a beam as in the 
preceding case, is a truss with considerable depth, the 
deformations of web-members may sometimes be so great 
that it would be necessary to take them into consideration 
in accurate calculations. To do this, however, since the 
dimensions of each member of the truss should be known, 
it is the general practice to make preliminary calculation 
of stresses in all the members with the external forces as 
found by the equations already given for the case of uni- 
form cross-section, with the effect of web-stresses neg- 
lected, and afterward to make such tentative corrections 
as are necessary on the dimensions according to the more 
accurate computations based on them. The following is 
an accurate method of determining the external forces. 

Let 

A = the cross-section of any member of the truss, 

E = the modulus of elasticity of the material, assumed to be 

constant, 
S = the stress in the member, 
L = the length of the member. 

Then for the total internal work in the truss in which 
the members are subjected to direct stresses only, we 
have, 

»= 2 ^ • • <*) 

In the swing-bridge truss of Fig. 33, since M 2 must 
always be such as to make the total internal work a mini- 
mum, if we now express S in each member due to any 
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given loading in terms of M 2 and substitute it in (53), 
then from 

dm 

we can at once obtain the required value of M 2 . For 

simplicity, as- 
$* sume two 

symmetrical 
loads W,W 
and distin- 
guish A, S 
and L of each 
member with 
corresponding 

suffixes and the arm-lengths of several members as shown 

in the figure. Then taking moments at the successive 

sections, we get the following values of S\ 




Fi«. 33 



'*.: 



'ho 

d 



l d + p' 

_ _ W (d + p) - R t d 

Os — ^ > 

/l 

W {d + p) - R x d 
d + 2p ' 



^4 = - 



_ _ W (d + p) - R x d 
o 6 — -j. t 



5 7 = - 



5 8 = - 



R x p 

go ' 

(2R l -W)p 

j 

Si 
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S 9 






•SlO 


(2 R t - W) p 




Sn 


{3R 1 -2W)p. 


and since 








Ri 


_ M . 2 W 
3P 3 




R* 


2M, 2_W_ t 

3P 3 




R, 


M 3 2]V 
ZP 3 ' 




Rt 


+ R t + R, = 2 W. 


Substituting, we 


get, 




T ( T 8 


1-2 J?. 2 


**•_. 1 |JW*« 
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Setting the first derivative of o> with respect to M 2 equal 
to zero, remembering that, 

J/? x <//£ 8 I 

dM 2 = dM 2 = 37' 

dR 2 2_ 

dM 2 ~~ 3 />' 
we get, 

V>*1 i(^+/)^l Vl'^3 V+*/)^4 A % A*S ^. H^T ^8 V7*. 2 ^10 V^J 

whence Af 2 and R 2 may be obtained by substitution in 
the foregoing equations. 
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In this way R v R 2) and M 2 are to be calculated for dif- 
ferent modes of loading in order to obtain stresses due to 
them. 

A comparison of approximate and correct methods of 
computation shows that the difference in results obtained 
by the two methods is generally inconsiderable, as will 
be shown in the case of a swing bridge with four sup- 
ports (Art. 37). 

SWING BRIDGE, WITH FOUR SUPPORTS AND PARTIALLY 
CONTINUOUS 

37. A swing bridge fully continuous over four supports 
has probably never been constructed, owing to practical 

difficulties in con- 
struction arising 




Is siruLiiuii arising 

I "~ I A A 7V~A * rom tne S reSi ^ dif- 

i — l V V V 1 ference in amounts 



*4 



FiC. 34 



between central 
reactions when 
the bridge is par- 
tially loaded, which may necessitate special provisions 
for holding down the central supports on to the ma- 
sonry. For this reason, such bridge is made either 
partially continuous or entirely discontinuous. Partial 
continuity in such case is effected by omitting the web- 
members between central supports, thus cutting off the 
means of transmitting shear from one span to the other. 
Fig. 34 shows this kind of construction. As there can 
be no shear in the panel 2JC, it is evident that M 2 will 
always be equal to M 2 . 
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Represent by 

m x = moment at any point x from A between A and W v 
m* — moment at any point x from A between W x and B. 
m 8 = moment at any point x from D between C and W T 
m 4 = moment at any point x from D between W 2 and D. 

Assuming the truss to have uniform moment of inertia 7, 
and neglecting the influence of deformations of web- 
members, we get for the internal work due to moments: 

o> = — — < J m x 2 dx + jm 2 2 dx + I M 2 dx + I m£dx-\- J rn 2 dx{- 



Wl x = 


R x x = 


\\M t +W x {l-o)\x, 




ffl% = 


R x x - 


W 1 (x-a) = —x+ ^ 


X) 


w 8 = 


R A x - 


W 2 (x - b) = —x+ Y~ 


■x) 


ffli = 


R& = 


±{M 2 + W 2 (l-b)\ x. 





Substituting these values of m in the above expression for 
work, we get for 

da) 
dM^ ' 

the following equation: 

2 {M* + W x (l - a)} - + 2 M 2 / 2 + 2 {M 2 + W,(/ - ft)}- 
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from which generally for any member of W x and W 2 we 
get 

I (6fe + 4 /(6/ 2 + 40 ' ' K5V 

Knowing M v all the external forces become at once 
known, thus: 

R t = \M 2 + %W x {l^a)\j 






M 2 + 2W» -, 



M 2 + SWy>) 



/' 



*,« \M 2 + 2W 2 (l-b)\ 



I 7 



R, +R 2 + R*+ R<= %W X + %W 2 . 
These equations give approximate results for most kinds 
of trusses; a more accurate result is obtained by taking 
the deformations of the web-members into considera- 
tion, and forming 

2EA 
extended over all the members of the truss, as explained 
in the case of three supports, the necessary A and S being 
provisionally obtained by means of the approximate 
equations above given. The mode of loading to give 

maximum moment or 
shear at any point in 
the truss is essentially 
the same as in the 
case of three supports. 

Example. — In the 
swing bridge of Fig. 35 to calculate the reactions due to 




Fig. 35 
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uniform moving load of 10 tons per panel, when both arms 
are fully loaded. 

For the assumed position of moving load, 

R 2 = 50 - R v 

The following stresses and internal works may now be 
written : 



Members. 


S. 


z, (ft.). 


A 

(sq. in.). 


2EA 


f 


AB 


1.25^ 


45 


40 


2.34(^-io)3(«) 




BC 


1,25^ - IO> 


45 


30 


3 J 


CD 


t.z%{R y - 20} 


45 


25 


2.8 1 (^ - 20) 2 (" ) 


DK 


#i -20 


36 


*5 


1.44 (J^i - »?(") 




EF 


1.25(^-30). 


45 


*5 


2.Sl (A\ - 30p { « ) 


FG 


*i- 3° 


36 


30 


1.2 i* t ~3*ti") 


£ 


GH 


Mi (4 -40) 


45 


30 


2.34 W - 4 c) 3 ( <4 ) 




HI 


2.2 (X, -3^4) 


45 


45 


4.84(* I -36'4) 8 ( M ) 


■ 


ft 


1.2 (*,^ 25) 


45 


40 


1.62 fj* _j» s )*(«) 


| 


BD 


i$ (*,- 5 


54 


35 


3.47 ?<- 5) 2 (") 


-d 


DF 


2.25 (jV, - 10) 


27 


40 


3.42 (tf, - I0) a (' " ) 


U < 


FH 


3<^-i5) 


27 


40 


6.08 (^- i5) 3 (") 


d 


m 


3.79W-25) 


28.5 


30 


i3.6S{^-2 5 ) 3 («) 


D 


M 


3.6 (^-35) 


iS 


3° 




; 


AC 


o75 ^i 


54 


25 


-* (i 


-C 


CE 


2.25 (^ - JO) 


27 


40 


3.42 <*, - io)» ( " ) 
6.08 (tf, - i 5 ) J (") 


r -^- 

1 


f:g 


3i*i -IS) 


27 


4° 




GI 


3.75(^1-20) 


54 


30 


25.31 (*, - 20)' (•') 
7-78(* 1 -25)'(^) 


IL 


3.6 (^-25) 


18 


30 



Summing up the works, and putting the first derivative of 
the sum with respect to R t equal to zero, we at once get, 

R t = 20.19 tons, 

R 2 = 50 — R t = 29.81 tons. 

38. Had the moment of inertia been assumed to be 
uniform throughout the girder and at the same time the 
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deformation of web-members neglected, we would have 
obtained from Eq. (54), 

M Sioa (26,244 — a 2 ) 

2 ~ 2 162 (108 + 648) 

Substituting in this, a = 27, 54, 81, 108, and 135, we 
obtain 

M 2 = — 1012.5 ft.-tons, 
so that 

R t = \M 2 + Sio (162 - a) I T $v = 18.75 tons. 

Comparing this with the preceding result, it will be 
seen that the assumption of uniform moment of inertia 
and the neglect of web-member deformations give R t 
smaller by about 7 per cent in this case than given by 
the more correct calculation. In practice, however, all 
this nicety in calculation becomes almost valueless, owing 
to the overwhelming disturbance brought about by 
unequal temperature changes, which constantly tend to 
throw out of adjustment the end supports on which the 
stresses of all the members solely depend. 

DOUBLE-SWING BRIDGE 

39. Double-swing bridges are latched at the centre 
when closed, thus transmitting shear, but no moment 
from one span to another. 

Fig. 36 shows a double-swing bridge with four sup- 
ports. The point C serves for both trusses as a common 
yielding support. 

To simplify the discussion, all the spans will be made 
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alike. Then for any load W l we get the following mo- 
ments in the several spans: 

R x x between A and W v distant x from A. 

R x x — W 1 {x—a). between W t and B> distant x from A. 
M x + R 2 "x. . . between B and C, distant x from B. 
M 2 + R%x • . • between D and C, distant x from D. 
Ripe between E and D, distant x from E. 

Assuming the cross-section of the trusses to be uni- 



^arJfr _ j*-^~y» 



f^-i. F- 




Fig. 36 



form throughout, and considering moments only, we get 
for the total internal work due to W t : 

w = TE~\_£ {R ' x)2dx + fj RlX ~ Wl(x ~~ a)]2dx 

+ f\M 1 + R 2 "x) 2 dx+ f\M 2 + R u 'x)*dx+ fW) 2 ^l 
«^o «^o «^o J 

Taking moments successively at B y A, C, jE, and D. 
we get, 

^ (/-<») Af t 
^" / + T' 



# 2 ' = 



tf> Af t 



/ 



/ 



R "= — 



M, 



*,-*/ + *,»— !**+*£ 



/ 



/ 
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R * T' 









Taking moment at D, 

3 i? 1 /-^ 1 (3/-a) + 2i? 2 /= M 2 . 
Substituting the values of R t and R 2 in this, we get 

Introducing these equations in the expression for the 
internal work, and setting the first derivative of it with 
respect to M x equal to zero, we get 

^ = -^8^^ (55) 

and consequently, 

M.-&^*>W l ( 5 6) 

Similarly for load W 2 in the right-end span we get, 

»,- bJ ^w,. ...... , S7 ) 

M,-- b -^W, (58) 

For any load W 3 in the second span from the left, we have 
as before the following moments: 

R t x between A and B, origin of x at A y 

M t -f R 2 "x between B and W 8 , origin of x at B } 

M x + R 2 "x— W 3 (x — c), between PT 8 and C, origin of x at B, 

M 2 -f RJx between D and C, origin of x at D, 

R+x between E and D, origin of x at E, 
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from which we get the following internal work: 

• = ^Ei[£ (Rix)2dx + £ (Mi + ^" xy dx 

+ JIM, + R/'x -W,(x- c) fdx +f'(M t + R,'xy dx 

+ J(R&ydx\. 

Taking moments at B, C, and D successively, we have: 
R - M * 

R t -—, 

M, W t (l-c) 

K * - - T + 7 ' 

R>- M * 

8 — — T 9 
R. = T , 
M, = - (Jlf t + W,C). 

Substituting these values in the above expression for work, 
and putting as before the first differential coefficient of w 
with respect to M x equal to zero, we at once obtain: 

„,__ «<*«-»* + * *,■ . ... ( S9 ) 

Similarly for any load JT 4 in the third span from the left, 
we get, 

n- ""*,'''" '- • ■ • «"> 
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Finally, we get for any number of loads, 

M t = ^\- tWflP - a 2 ) + %WJ>(p -P)- SWV(6/* - 3 lc + c 2 ) 
-*WJ(ap + 3 ld-#)\ (63) 

M t = ~ {2H>(/* - a 4 ) - 2HW - 6 s ) - S W> (2P+ 3 lc - c*) 
-2^(6?- 3 W + d J )j (64) 

R t -™^> + *L> .... (65) 

B.-Vp-'-Hl + W-* .... (67 ) 
Ri= SW 2 (l-l>) + M 2 (6g) 

R x + R 2 +R 9 + R4 = %W. 

It has been assumed in the foregoing discussions that 
the ends A and E of the trusses are not lifted off the sup- 
ports under all conditions of loading. 

40. Fig. 37 shows a double-swing bridge with six sup- 

▼ Mi liii 1 1' 'i|i g m» r 

/\/\4 h/vy w' i\ 




tt 




Fig. 37 



ports, made partially continuous by the omission of 
diagonals in the central panel of each truss, for reasons 
already stated in the case of a common swing bridge. 

Then, since by construction there can be no shear in 
the central panels, the moments over supports belonging 
to them must be equal to each other in both spans. 
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. Assuming the cross-section of the trusses to be uniform 
throughout, and considering moments only, we have for 
total internal work due to any one load W x in the left- 
end span: 

" " Tei f a ( R * x ? dx + f > R i* - w i( x ~ a ) V dx + f M i dx 
+ / (M x + R<x)*dx + f (M 2 + R 4 x) 2 dx 4- C % M 2 *dx 

jfW)»<**]- 



'0 

+ 

Since 



*' / + T' 

8 = — T ' 

* - m * 

Substituting these values in the expression for work, 
and setting the first derivative of the latter with respect 
to M x equal to zero, we get 



whence, also, 






Similarly for any load W t on the right-end span, we get, 

b (p - ft*) 

/(8/ + 12/,) 



",- ,;.;, .: , y, <70 



K/»-y> 

*»" /(8/+i 2 /,)^ a • • • • (7*) 
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For any one load W z in the second span from the left, 
the internal work due to moments caused by the same 
may be expressed as follows: 

o» = ^SJ\r x x) 2 dx +£' t M 1 2 dx + £\m x + R*xy dx 

+ f\M x + R B x - W, (x - c) \'dx 

+ f ( M 2 + R*xydx + JM*dx + J (R«x) 2 dx\ 
Since in this case, 



R t = -f, 




» W,(l-e) 




R * p 




J? M ' 





M 2 = - (M t + W t c). 

Substituting them in the expression for internal work, 
and setting the differential coefficient with respect to M t 
equal to zero, we get, 

M '" /(8/+I2/,) W * • ' ' (73) 

2d(l + 3 l 1 )+<?(3l-c) 
M *~ 1(81+121,) W * ' • (74) 

Similarly for any load W t in the third span from the 
left, we get, 

*-- ' < % w ,;f.g'" <> ^ • • <*> 
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Finally, for any number of loads we get, 



M i - rTaT-XTTTTt- 2WX/ 2 - a 2 ) + *WJ> (P - ft 2 ) 



1 

-SIF.c J6/// + 4) -c(3/_ e )} -SWV {»/(/ + 3/,) 
+ rf (3/ — <0|] (77) 

-%W z c {»/(/+ 3/J + e(3'~c)| -SW^d {6/ (/ + /,) 
-rf(3/-<0{] • • • (78) 

,,_&£-> + £ (79) 

*-^-* <w 

A. - ^</ -'> -«. (8„ 

Kt _ m:«-< ) _z m 

R.-™f?-f (83) 

R< _»^-») + «, (84) 

Sfl = %w. 

41. The foregoing equations for double-swing bridge 

give but approximate results for reasons already ex- . 

plained. To obtain more correct results, resort must be 

had to 

2S 2 L 

0) = - — 

2EA 
for expressing the internal work, extending the expression 
over all the members of the truss, based on the approxi- 
mate values of S and A provisionally found by the fore- 
going equations, exactly as explained in the case of com- 
mon swing bridges. 
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ARCHES, WITH TWO HINGES 

42. In an areh with hinges at both ends, since the 

moments cannot exist at 
these points, the reactions 
ought to pass through the 
latter. 

Fig. 38 shows a sym- 
w*. 38 metrical arch-rib with 

hinges ar A and B. 

The following designations will be used throughout 
the discussion : 

V t and H . the vertical and horizontal components of the 

reaction at A- 
V 2 and W . ditto at B. 
I . . . span length. 

/'.... length of arch measured along the axis of the rib. 
x and y . . coordinates with origin at A. 

c . . . . distance from A measured along the axis of the rib. 
<f> . . . . inclination of tangent at x, y to the horizontal. 
a and b . . distances of a load from A and B respectively. 
a! . . . . the distance measured along the axis of the rib 

from A. 
m . . . . moment at any point. 
N . . . . normal stress at a section. 
T . . . . tangential stress at the section. 
R .' . . . resultant force. 

E . . . . modulus of elasticity assumed to be constant. 

70 
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A 



. moment of inertia of the normal section of the rib. 
. cross-sectional area of the rib. 



Forces acting upward are taken as positive. 

Moments producing compression at the extrados are 
positive. 

Forces acting toward right are positive. 

Tensions are positive and all vice versa. 

Since equilibrium requires that among external forces 
as well as between external and internal forces 

2 horiz. forces = o, 2 vert, forces = o, and 2 moments = o, 

we have, h - H' - o, 

V,+ V 2 -W = 0; 
and from moments taken with respect to B and A, 

V.-'jW. 

43. Since at any section of the rib, wherever the re- 
sultant of external forces does not 
pass through the centre of gravity, a 
moment will be caused at the sec- 
tion, and further, if the direction of 
the resultant does not coincide with 
that of the tangent to the axis of the 
rib, the latter, beside being axially 
compressed, will be subjected to tan- 
gential stress at the section. 

At any point x, y of the neutral 
axis of the rib, then, referring to Figs. 38 and 39, we 
have, 




Fi* 99 
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m = R = V x x — H>, for x < a 

= V x x — W(x — a)— Hy y for # > a. 

Decomposing R into V and i? we get, 

N -{- V sin <f> + H cos <£ = o, 
T + 7 cos <£ — H sin <£ = o, 
in which 

V = jW for * <a, 



-6-) 



W for x > a ; 



and since the loading is vertical, H will be constant 
throughout the arch. 

44. Neglecting the effect of tangential stress for the 
reason already stated (Art. 5), we have for the internal 
work in the rib due to W: 

C l 'm 2 dc C l 'N 2 dc 
W ~ J 2lE + J 2AE' 
in which 

dx 



dc = 



cos <£ 



being the elementary length measured along the axis of 
the rib. 

Substituting in this expression for work, the values of 
m and TV already given, we get: 



r a \V x xr-HyYdc C l ' {V,x -Hy- W(x - a)} 2 dc 

~ J 2 IE . + J a > 2 IE 

Jr»«' (T sin<ft + H cos $) 2 dc r l '(V_s\n <f> + H c os <f> ) 2 dc 
2AE + Ja' 



2AE 
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Since H must make a> a minimum, we obtain for 

dH^ 
the following: 

jri ™s* +jr^* +£-^jc+£ w(x r a)y *c 

+ £^ dc+ fJ^^ dx+ £ E ^ dx 
■ * + £ w(b -£ si " +*> + jr ,g j^* - °> 

from which, 

45. This equation could be somewhat 
simplified by taking, instead of one one- 
sided loading, two symmetrical loads, which 
will evidently give H simply double that 
for single one. Referring to Fig. 40, and 
extending the integral over one-half the arch, we get the 
following expression for H due to one W: 

r»'xydc Pyfc__ f a sin<H* 

H = J i 7 v J* [ | ^° — W . . (86) 

* cos <f> rf# 



^(85) 




XW 



Approximate results may be obtained by neglecting 
the effect of the normal or axial stress, which is generally 
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inconsiderable when compared to that of the moment. 
For this it is simply necessary to leave out the terms 
containing N and A in the preceding equations, so that 
we get from Eq. (85), 

H = rvfdc w ' ' • M 

or from Eq. (86), 

C a 'ocydc Hyde 

H=i Jo 7 v J" l w .... (88) 



r*fdc 

Jo I 



46. Temperature Stresses. — A temperature change causes 
variation in the length of the rib, and were the arch- 
end free to move, a corresponding change would take 
place in span length ; but as the supports are here 
assumed to be immovable, the rib is forced back, as it 
were, to its supports. * 
Let 
/ = temperature change in number of degrees, 
$ = coefficient of expansion and contraction, 
H t = horizontal reaction at the left support due to the temper- 
ature change. 

Imagine the arch to be free to move at the left end, then 
the force H t exerted at the support must be sufficient to 
force the arch through a distance of 

M, 
reckoned in the direction of the force, i.e., positive for the 
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rising temperature. Then, according to the first theorem 
of Castigliano, 

Using the same designations as before, 



Jo 2/E + J 



N 2 dc 
2AE 1 



m and N here representing moment and normal stress 
due to H t . 
Since 

m = — H t y y 

N — — H t cos <£, 

m - H 'V. ^E + l -TAT) 
whence 

from which 

H '=-^iX /.icos + ^c (89) 



w+r- 



i4 

Neglecting the effect of axial stress, we get, 

.„ ME 

tit 



C v fdc 
Jo ' 



(90) 



Eqs. (85) to (90) will give the amount of horizontal reac- 
tion for vertical loadings and uniform changes of temper- 
ature when the form of the arch is known. 

47. Displacement of Supports. — If, owing to yield- 
ing or settling of supports, a change in span length takes 
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place, the effect on the arch would be similar to that due 

to temperature changes. 
Let 

A/ = change in span length measured at the left support in the 
direction of the force causing the same, i.e., negative for 
the increase of span length, and vice versi. 

H a = horizontal reaction at the left support due to change in span 
length. 

Then, since 

by the same reasoning as before, we have 

dt*. 
dH* 

from which 



§i=MIW^H- 



„ EAl 

H *=-rFtt ricos + dx (9l) 



x'^r 



A 
Neglecting the effect of axial stress, we get, 

H * = -J^fdc (92) 

Jo / 
The effect of slight changes in the heights of supports is 
generally so small in this kind of arches, that it is un- 
necessary to take them into consideration in the calcula- 
tion of stress due to displacement of supports. 

PARABOLIC ARCH WITH TWO HINGES 

48. If we assume the cross-section of the rib to increase 
from the crown toward both ends in such a way that at 
any point 
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/ = 7 sec <f>, 
A = A Q sec 4>y 

in which I and ^4 denote the moment 
of inertia and the cross-sectional area v x 
of the rib at the crown, the calcula- 
tion of stresses in a parabolic arch- 
rib becomes considerably simplified. 
Thus, introducing in Eq. (86) the equa- 
tion of parabola with origin at A (Fig. 41), 

and remembering that 

dx = cos <f> dc y 
sin <j> dx = cos <f> dy, 
we get, 




Fig. 4 x 



H = 



iW ) f a ^( l - x ) dx + a f x{l-x)dx\-~ f° cos 2 <f>dy 



^- (* x 2 (l-x) 2 dx + ±- f cos 2 <f>dx 



w. 



Since 



f"x 2 (/ - x)dx + a f x(l - x) dx = — (a 8 - 2a 2 1 + /»), 

f 



cos 2 <£ dy ■ 



1 
I 

r 



x) 2 dx 



I 2 + 16 h 2 
/ 5 



nearly,* 



60 ' 



P 



cos 2 <l>dx = —<!>< 



8/* V0 ' 
* Howe, Treatise on Arches. 
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e denoting the value of y at a; and <f> , the inclination of the 
tangent at A to the horizontal. 
Putting 

A - 1 ' 

we get, 

„ r 3^_ f + 16 A 8 T „ 

ff = i Jm—W^ w • • <«> 

Neglecting the effect of axial stress, the terms contain- 
ing A disappear, and we get, 

S fl(q»-2fl»/+/') 
H " 8A? ^ <* 4 > 

49. For uniform temperature change / — positive for 

rise — by making similar substitutions as before in Eq. 

(89), since 

^ v fdc _ 8_hH 

h I " !5 h 

/* * cos 2 <l>dc _ l 2 4> 
A 4hA ' 

we get, 

„ tOEh 

Ht = 8h* « (95) 

Neglecting axial stress, similarly we get from Eq. (90), 
_ 15 lOhE 
H '-~~8¥~ (96) 

50. For change in span length a/ — negative for in- 
crease — we get similarly from Eq. (91), 

EIAl ,„. 

H * = 8M + m. ■ •••.•• (97) 

15 4 h 
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Neglecting axial stress, 



H A = 



15 ElAl 

8W 
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(98) 



CIRCULAR ARCH WITH TWO HINGES 



51. Fig. 42 shows the axis 
of a symmetrical circular 
arch-rib with uniform cross- 
section. 

In Eq. (86), making / and 
A constants, and putting 

/ 



A'*' 




we get 



H = \ 



I' 

xydc + a I ydc — i 2 I sin <f> dx 

l> l 

Jr*is ni 

fdc + i 2 I cos <f> dx 
«^o 



W. 



With designations as given in the figure, we have for 
circular arc, 

x = r (sin <£ — sin <£), 
dx = — r cos <£ d<f>, 
y = r (cos <£ — cos <£ ), 



cfc 



= — rd<j>, 



cos <£ 
a = r (sin <t — sin <£ a ). 

Substituting these in several terms of the expression 
for H, and integrating, 
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^(/c^^fisin^o-sin^osin^ + isin 2 ^ — (<£ - <k,)sin<£ cos<£ 
o 

— COS 2 d> '+ COS <£ COS <f> a ], 
V 

a I ydc = t* (sin <f> - sin <f> a ) (sin <f> a - <f> a cos <£ ), 

Jra r 

sin <f> dx = - (sin 2 <£ — sin 2 <£ a ), 
o 2 

I' 

Jy 2 dc = ^ (i <^o - i sin <£ cos <£ + <f> cos 2 <k>), 
o 
I 

J cos <f>dx = - (sin <£ cos <fc> + <fr>)> 
o 2 

we get, 

2 cos O (cos 0a + 0a sin ^a — cos O — O sin O ) + ( i — *- ) (sin 2 O — sin 2 0a) 

* = ; — jH ^ ^w) 

(0o ~ 3 sin O cos O + 2 O cos 2 O ) + ~ 2 (sin O cos O -f O ) 

or, since 

• * l ± r ~ h 
sin <f> = — , cos <f> = ; 

2 r r 

., I — 2 a r — h + e 

sin $ a = , cos j> a = ; 

2 r r 

V . V - 2 a' 

(r-h){2e + <t> a (l-2a)-<l> l}+(i -^-)(l- a )a 

ff- -, 3T* — W . (99b) 

4(r-*){*b(r-A)-/}+(i + ? ){3f l *+(f-*)/} 

Neglecting axial compression, we get, 

= sin 2 <ft -sin 2 <k,+ 2 cos <ft (co s <f> a 4- <ft« sin <fr a - cos <ft - <ft sin <ft ) 

" 2 W>o - 3 sin <Ao c o s 4>o+ 2 <t>o cos2 <£o) 

(100a) 

or 

H- (r ~ M"**- ( ! ~ \')r +° l> + '.? ~ a) W . (1006) 
* <Ao {r 2 + 2 (r - A) 2 } - 3 / (r - A) 
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52. Temperature Stress. — For uniform temperature change 
of / degrees, Eq. (89) may be written for constant / and A : 

„ tOlEI 

H t = v 



f dc + 2t 2 I cos <f> dx 
*^o 



2 



Introducing in this the integrals already given, we 
obtain, 
H = me£ 

* r 3 (<l> -3sin<l> cos<l> + 2<f> cos 2 <l> )+t i r (sin<£ cos<£ +<£ ) 



or 

H t = -j — ^ T • • • (lOlft) 

r[*o {r*+* (r-hy+P} - -(3 - ? ) (f-*)/J 

Neglecting axial stress, we get, 
„ MEI 

Jtl t = , , , : : -. ; ~. •> , \ (I020) 

f* (4>o - 3 sm *0 C° S *0 + 2 *0 COS <Ao) 

or 

„ MEI , M 

'" r[*^ + » ('-*)■}-*/(' -*)] ^ 

53. Displacement Stress. — p'or change in span length 
by A / — negative for increase of span length — we have 
from Eq. (91), 

H>= EIAl 



V 
2 



f dc + 2 i 2 I cos <£ dx 

«^o 



Making the same substitutions as before, we get, 

H = EIJU ... do ) 

A (denominators same as for H t ) 
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SEMICIRCULAR ARCH 

54. In this, since 

we obtain at once from Eq. (99a), 

„ (f» - #») cos* » 

H - ,(r» + f «») W ( IQ 4) 

Neglecting axial compression, we get from Eq. (100a), 

i/ = — 7— ^ (105) 

55. For uniform temperature change /, we have from 
Eq. (101a), 

#<=^7FT^T ' *• (I ° 6) 

and for the same, by neglecting axial stress, 

it 2t0lEI < ^ 

H *=—ijr (107) 



7T 



f 8 



56. For change in span length Al similarly from Eq. 
(103) referred to Eq. (102a), we get, 

H A= ^§™ . (Io8) 

7T r (r + 1 ) 
and for the same, with axial stress neglected, 

2EIU 

IT 



H ±= -^T- ( io 9) 



FLAT ARCH WITH TWO HINGES 

57. When the rise of an arch is very small compared 
with its span length, we may put without material error, 

dc = dx. 

Assuming the cross-section of the arch to be uniform 
throughout, and putting as before 
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/ 



2'*' 



Eqs. (86), (89), and (91) may be written as follows: 

a la' 

J xydx -f a J ydx — i 2 I sin <f> dc 

H - i^> j ^ jr-^ W . (no) 

2 ns pi 

I y 2 </# + i* I cos <£ dc 

*,„ *** • . . .(„,) 



Jy*dx + i 2 I cos <£ tfc 
E/A/ 

J' y* dx + P I cos <£ tfc 
«^o 



H A =_ ™ <„,) 



FLAT PARABOLIC ARCH WITH TWO HINGES 
(Uniform Cross-Section) 

58. For this, we have but to introduce in Eq. (no) 
the equation of parabola 

y = ~J x (/ ~~ *>' tf 

to obtain expression for H due to any 1 




I 



load W (Fig. 43). Integrating the terms 

of the equation severally, we have, wg. 43 

1 

J(*a /»* a *fo qJ, 
xydx + a I ydx = —^ (4 / — 3 a) H (/" — 6 a 2 1 + 4 a 8 ), 
*/a 3* 3* 

/•a' 

I sm 4> dc = e, 
Jo 

Jo J 5 

Jr* / 

I cos d>dc = —> 
? 
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so that 

T ^i{l-a)(p + al-a*)-e 

H = l— ^7 w - ■ -<»3> 

15 i 2 2 
Neglecting e as being inconsiderable in comparison with 
other terms of the numerator, we obtain, 

H " /■(8A» + i S *> ^ (II4) 

Further neglecting the effect of axial stress, we get, 

H = 5 a ( l-aHr + al -a> ) w ^ 

59. For a uniformly distributed load of w per unit 

length of the span, we obtain, 
by substituting wda for W in 

^b the preceding equations, and 

Pig M integrating between given limits 

of loading, the equation for 

H. Thus, referring to Fig. 44, we have, from Eq. (115), 

H== J Shf* Wda = riM* < Il6) 

By taking moment at B, 

a x (2 / — aj w 

V > = Ti 

For full uniform load, 

H = -Q-r approximately, 
o h 

60. Temperature Stress. — Introducing in Eq. (in) the 
equation of parabola, and integrating as before, we obtain, 

tOlEI = i 5 tOEI . . (I } 

IS + 
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Neglecting axial stress, we get, 

iStOEI (ll8) 

61. Displacement Stress. — For a change of A/ in span 
length — negative for increase of the latter — similarly 
we get from Eq. (112), 

H^ l/0 l ? 2 EIAl „ (»9) 

and for the same with axial stress neglected, 

I5E/A/ (I2Q) 

FLAT CIRCULAR ARCH WITH TWO HINGES 

62. Since a circular arc with comparatively small 
versed sine closely follows parabolic curve, the formulas 
deduced for parabolic arches (Eqs. 11 3-1 20) may be used 
for this kind of arches without appreciable error. 

SPANDREL-BRACED ARCH WITH TWO HINGES 

63. The foregoing formulas are generally inapplicable 
to a spandrel-braced arch, owing to the lack in the latter 
of definite form in its axis and the irregular variation of the 
moment of inertia of its section. As the only statically- 
indeterminate force in this case is again H, in order to 
find the value of the latter which will make <*> a minimum, 
it is simply necessary to find stresses in each member in 
terms of H and other external forces, and obtain, 



-X 



2AE' 
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extending the second member over the whole structure. 




Fig. 45 



Fig. 45 shows the left half of a symmetrical spandrel- 
braced arch. The following designations will be used: 

s , s lt etc. . . the lengths of vertical members. 
d x d 2 , etc. . . the lengths of diagonal members. 

a the horizontal panel length. 

b x b 2i etc. . . . the lengths of lower chord-members. 
A the sectional area of a member, with suffix cor- 
responding to the members to which it pertains. 

If we assume, in the first place, the arch to be loaded 
with two equal loads of W each, distant na from each 
end, we obtain the following stresses for the case n = i 
by taking moments at successive sections, the arm-lengths 
being designated as shown in the figure: 



WEB-MEMBERS 



AB = 
CD = 
EF = 



- W + -° ^ H . 



We 2 -Hs 



e 2 — a 
^ Wa - Hs n 



e s — 2 a 



J2 

p£, = Wa — IIs n 



A 
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CHORD-MEMBERS 

*p— .™»- g ('«-'.>. AC — 7 "' 



*\ 



K 



— Wa-H(s - si CE- Wa ~ HS ° 

I *2 " K 

— Wa-H (s - 5 8 ) — Wa-Hs 

I Introducing these in the expression for total internal 

work, we get, 

SffL 2 Jf 5 -5 t Y *<> , (Wet-Hstf Sl 

2AE E\\ ^ a /2A ab ^ (^-a) 2 2A cd 

I (Wa-HsXSj ( W^-Hstf d t (Wa - Hs \ 2 d 2 

+ ' 



/ Wa-Hs V d % /HsA* b t ( Wa - Hs\ b 2 
\ A I 2 Af g \h l /2A ae V ^2 / 2 ^« 
(Wa-Hs V b s / Wa - H (s - Sl )V a 

/ yq - H fa - j 8 ) y a (VTa - H (s - sj * a |. 

\ *2 / 2^^ \ 5 8 / 2^ /A J 

Differentiating this with respect to H, and setting the 
differential coefficient equal to zero, we at once get, 

jj ^a& (^-q) 2 ^ (e s —2a) 2 A <lf ffAte s 2 A M 



1 "0 "1 j v "2 L __I_JL_ J_ 



a 2 A ch (e 2 -a) 2 A cd (e z -2a) 2 A tif h^A^ ftA*. 

asj)^ as<fi 2 a 2 (s —s 2 ) asjb s as a\ a 2 (s — s 8 ) 
hfAg f2A de s 2 2 Ay hJA eg fjA fg sjA fh 
, a(*p-* i) 2 . W , s 2 d 2 ■ a(s -s 2 y b\ 2 a\s 2 a(s -s s ) 2 ' 
s 2 Am h 2 2 Aj/ 2 2 A d / s 2 Av ^WAJTZA?' s z 2 A/k 
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which is the value of H for 2 W, so that H for 1 W will 
be one-half the amount given by this equation. 

In a similar manner we obtain in the arch of this type 
with any number of panels, for 1 W the following expres- 
sion for H: 

y $ pa 2 (s -s) pas b espS es Q d ) (sq-s^Sq 

„ VI s*A u + h 2 A t ^ (e-pa) 2 A v f 2 A d )^ aA* 

H = } 

( fro ~ s Y a t s 2 b s 2 s 



t 



, s*A u ' AM, ' (e-pa) 2 A 9 
% 
^ ^ jj na 2 (s — s) nas b nas^s nas^i \ 

JZ\ s 2 A u + h 2 A x + (e - pa) 2 A v + PA d ) 



(e-pa) 2 A v PA d , 

— J 2 !! ( s - s y s ' ! — w • (I2I) 

f 2 A d ) a'Aab 



in which p represents, in case of chord-members, the dis- 
tance — in number of panels — of the panel point oppo- 
site the member under consideration, and in case of web- 
members the ordinal number — from the nearest support 
— of the upper chord opposite the web-member in ques- 
tion. Thus, referring to Fig. 45, we find for DF, EG, 
EF, and DE, p = 2. 

A u ,A l ,A v ,a.ndA d = cross-sectional areas of the upper and lower 
chords, verticals and diagonals respectively. 

e . . . . = distance from the support — nearest to the 
member — of the intersection of the lower 
chord-member opposite the web under con- 
sideration with the upper chord. 

It is further understood that 2 is to be extended over the 
loaded half of the arch only. 
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64. Eq. (121) gives mathematically correct results so 
long as the supports are perfectly immovable, and is ap- 
plicable when dimensions of all the members of the arch 
are given. For designing an arch of this kind, the cal- 
culation may be started with following approximations: 

Assume each chord to be of uniform cross-section 
throughout its length, and let 

At 
m = A u ' 

Further, neglect the effect of web-stresses, which is gen- 
erally inconsiderable when compared with that of chord- 
stresses. Then we get from (121) the following approxi- 
mate expression for H, freed of all the cross-sectional 

i areas of members: 

! 1 

1 y $ pa 2 (s -s) pasjb \ y \ na 2 (s -s) nasj) \ 

! R = ±\ s 2 + mh 2 S + tll s 2 + fnh*S w (I22) 

V S s 2 b , (s -s) 2 a I 
I 2 *lm» + —?—\ 

1 With H obtained with this equation, the dimensions of 

all the members may be calculated, and then corrected, 
' if desired, by the use of Eq. (121). Generally, Eq. (122) 

by itself gives results sufficiently correct for all practical 

purposes. 

65. Temperature Stress. — The internal work caused 
by H t in the arch of Fig. 45, neglecting the effect of web- 
stresses, will be, 

#7{*o 2 ftj , s \ s \ (sp-s^a (s -s 2 ) 2 a (sp-s^a l 
EAlmh 2 ^ mh 2 ^ mh 2 ^ s 2 ^ s 2 ^ s z 2 ) 

in which A represents the section of upper chord, and mA 

that of the lower. 
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Since du 

we get, 



. dH t 



= M, 



H t = 



MEA 



( m/^ 2 m/* 2 2 w/^ 



'a , yj — j^-a v*q— j 2> F J g (s — 5 8 ) 2 a ) 



(s —s t )*a , fa-s 2 ) 2 



/ being as before positive for rising temperature. Gen- 
erally, for any number of panels we get in a similar manner, 

MEA 



H t = 






(123) 



66. Displacement Stress. — From the preceding discus- 
sions, it will at once be seen that for a change in span 
length, of a/, we have but to substitute a/ — negative for 
increase of span length — for t$l to obtain an expression 
for H A , so that we get, 

EAAl 



H t 



2 ^ 



?{S+^ } 



(124) 



THE STRESSES IN FLANGES AND WEBS OF A RIB 

67. Knowing V t and H for 
a given loading, the stresses 
in the flanges and web of a 
parallel rib may at once be 
obtained statically. Thus, at 
a radial section through any 
point Xj y (Fig. 46) of an 
Fig. 46 arch-rib, let 
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F' = the upper flange stress. 
F" = the lower flange stress. 
D = web-stress. 

d = d x + d 2 = distance between centres of gravity 
of upper and lower flanges. 

Taking moment with respect to the point x, y in the 
axis of the rib, we have, 

X 

V x x-Hy -2)W (x - a) + F'd x - F"d 2 = o, 

from which 

X 

F"d 2 - F f d x =V x x -Hy-^W(x - a). 


But 

F» + F' = N = - (V sin <f> + H cos 4) (Art. 43). 

Combining these two equations, we get, 

F^ = iJ V l x-Hy-^ f W(x--a)--(V sin <f> + H cos <f>)d t k (125) 

F' = - 5 J y.x-Hy-^Wix-a) + (V sin <£ + # cos <f>)d 2 V (126) 
If °', , 

i.e., if the section of the rib is symmetrical about the 
neutral axis, 

F" = iiv.x-Hy-^Wix-a) \- * (V sin <l> + H cos <l>) i (127) 

*"= - ^ \ V x x-Hy-J£W(x-a) V+ - (V sin <f>+H cos <f>) l(i 2 8) 

In case the chord-members are curved between two 
panel points, the direct stress thus found must be com- 
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bined with the moment equal to the direct stress multi- 
plied by the versed sine of the panel arc. 
Again, since at the section 

D cos p = T= - (V cos <t> - H sin <f>) (Art. 43), 

D = — (V cos <f> — H sin «£) sec /? . . . (129) 

in which & represents the inclination of the web-member 

to the radius of the arc at 
the section. 

In case the chords are not 
parallel, the stress in any 
member is best obtained by 
taking moment with respect 

to the intersection of the other two belonging to the panel, 

as in the case of spandrel-braced arch. 




Fi*. 47 



POSITION OF LOADS FOR MAXIMUM STRESS 

68. For finding the position of loads to give maximum 
stress at any point of the arch, reaction locus may be made 
use of with advantage. 

Let 

R = reaction at A due to any load W. 

V x = vertical component of R. 
H = horizontal component of R. 

k = ordinate to the locus of R. 

Referring then to Fig. 47, it will be seen that, 

*-5" 



(130) 



which makes the locus at once determinate. 

69. Having the locus drawn, the mode of loading giv- 
ing maximum moment with respect to any given point of 
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Fig. 48 



the rib may be laid off, remembering that R passing above 
the point produces + moment, and that below, — mo- 
ment. Thus in Fig. 48 it will be seen that the stress in 
any member EF 

c 



will be maximum 
when the moment 
with respect to 
point O reaches its 
greatest amount. 
The curve CKGD 
being the reaction locus, a load at G will produce no 
stress in EF, for then the reaction passes through O. 
For loads to the right of G, by considering the por- 
tion of the rib left of O, it will be seen that the mo- 
ment of R being — , the stress in EF will be tension, while 
for loads to the left of G, by considering successively 
the left and right portions of the rib, the moment with 
respect to O being positive, EF will be in compression. 
For loads beyond K, considering the right portion of the 

arch, the moment of 
■+-- 



right reaction with 
respect to O being 
negative, EF will 
once more be in 
tension. 

Similarly, for 
maximum stress in a lower chord-member, the reaction 
line drawn through the panel point opposite the member 
will give the mode of loading. 

70. For maximum stress in a web-member generally, 




Fig. 49 
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the reaction line is to be passed through the intersection 
of chord-members belonging to the panel to determine the 
limits of loading. In case the chords are parallel at the 
panel, since the web-member will not then be strained 
when the direction of the resultant force coincides with ' 
that of the chords, the position of load, for no stress in 
the web-member, is given by drawing the reaction line 
parallel to the chords, or to the tangent to the curve. 
Thus in Fig. 49, point M is the position of load producing 




v \- ft- \ 






Pi*. 50 



no stress in AT". Another position of load for no stress 
in // is at L directly over the section, — a point which 
will be evident by considering alternately the right and 
left of the section with its respective reactions. The 
signs of shear, and, with them, those of the stress in the 
web-member due to loads between the points of no stress, 
will at once be known by referring to Art. 43. 

Example. — In the circular plate-webbed arch with two 
hinges, of which Fig. 50 shows its left half, to calculate the 
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maximum stress in the rib at panel point 3, due to following 
panel loads : 

Dead load = 20 tons per panel, 

Live load = 10 tons per panel. 

The following dimensions are given : 

/ = 250 ft. 
r = 200 ft. 

*o= 3 8 ° ~ 4o' - 56" = .67514. 

Panel length = 15.625 ft. 

Cross-section uniform and symmetrical throughout, 

i 2 

p = .00019. 

Effective depth (dist. of c. g. of flanges) = 6 ft. 

The distances of the points of application of loads, etc., 
are as follows : 



«(ft.). 


'(ft.). 


<£a (circ. meas.). 


*«(/— 2tf). 


a (I -a). 


(«-£)«</—>. 


15.63 


11.32 


.57863 


126.58 


3662 


3661 


31.25 


20.54 


.48788 


91.48 


6836 


6835 


46.88 


27.99 


.4OII4 


62.68 


95*7 


9520 


62.50 


33.86 


.31782 


3973 


11719 


11716 


78.13 


38.31 


.15689 


22.18 


13428 


14646 


93.75 


41.42 


9.8l 


14648 


109.38 


43.26 


.07831 


2.45 


i53?i 


15378 


125.00 


43.88 


.OOOOO 


O.OO 


15625 


15622 



In Eq. (99^), 

(r - h)\2e + *„(/ - 2a) - <Wj +(1 - 3) (/ - a) , 



H = 



4(r-*){*,(r-*)-/ 



!+(' + £)* 



w* 



2r 2 <t>o J r(r-h)l} 



Introducing the numerical values in the numerator, the de- 
nominator being 
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4{r-h) {<h {r-h) -1} + (i + p) {2 r^o + (r - A) /} = 2766, 
we get f or W = 1 the following values of H : 



Load at 


1 


2 


S 


4 


5 


6 


7 


8 


H = 


.2189 


.4263 


.6118 


.7737 


.9027 


.9971 


1.0546 


1.0739 



For the dead load we have then, 
V l = 7! X 20 = 150 tons, 

zr= 2 x 20 (.2189 + .4263 + .6118 + .7737 +.9027 + .9971 

+ 1.0546 + .5370) = 220.88 tons. 

Drawing the reaction locus, and passing reaction lines 
through E and F, — the centres of gravity of upper and lower 




Fi«. 51 



flanges at 3, — we find (Fig. 51) that all loads lying to the 
right of C produce negative moment with respect to E and 
hence compression in the lower flange; while for similar 
reason all loads to the left of D produce compression in the 
upper flange. 
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By drawing AM parallel to the tangent to the axis of 
the rib at 3, and passing a vertical through E, we find 
that the loads between L and M produce positive shear in 
the section EF, and those outside of L M, the negative shear. 

The amounts of If for the positions of the live load found 
above are : 




$-22° 59' 3d* 



Fi«. sa 



For the live load covering A — D, 

K = H ( X S + 14 + 13 + I2 + XI + IO ) = 46.88 tons. 
ff= 10 (.2189 + • • • .9027 + 1.0546) = 39.88 tons. 

For the live load covering C — B, 

^1 = « (1 + ■ • • 10) - 34.38 tons. 

ZT= 10(2(1.0739 + 1.0546 +.997 I ) + -9° 2 7 H .2189} 

= 91.85 tons. 

For the live load covering A — L and M — B, 

v x = i* C 1 + • • • 7 + *4 + 15) = 35-62 tons. 

H = io{2(.2i89 + 4263) + .6118 + • • • 1.0546} = 56.30 tons. 

For the live load covering L — M, 

tt ( 8 + 9 + ">+" + ™ + 13) = 39-38 tons. 



*; = 



Zf= 10 (.6118 + . . . 1.0739) = 54.14 tons. 
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At the neutral axis under the panel point 3, we have 

x = 46.88 ft y = 27.99 ft. 4> = 22°59'36". 

sin <f> = .3906. cos <f> = .9336. 

Substituting these values in Eqs. (127) and (128), we get 
for the total stress in flanges at 3 : 

F"= H l8 4-3 8 X 46.88 - 312.73 x 27.99 - 20(31.25 + 15.63) 

- 3 (184.38 x .3906 + 312.73 x.9336)} = - 3S6-3 8 tons - 

& = - \ {196.88 X 46.88 - 260.76 X 27.99 - 30(31.25 + 15.63) 
+ 3 (196.88 X .3906 + 260.76 X .9336)} = — 247.62 tons. 

As to shear acting in the normal section at 3, we have 
(Art. 43), 

fcos <j> — H sin <£ 

= (150 + 39.38 - 2 x 20) .9336 - (220.88 + 54.14) -39°6 
= 32.04 tons for maximum. 

= ( x 5° + 35- 62 - 2 X 3°) -933 6 — (220.88 + 56.30) .3906 
= 9.01 tons for minimum. 

Had we neglected the effect of axial stress in the preced- 
ing calculation, Eq. (ioo£) would have given for H> 



Load at 


1 


2 


S 


4 


5 


6 


7 


8 


H = 


.2206 


•4295 


.6164 


•7794 


.9095 


1.0046 


1.0625 


1.0811 



So that we get for dead load, 

^=150 tons, 

Jf= 20 X 2 x 5.5630 = 222.52 tons; 

and for live load covering A — D> 

V x = 46.88 tons, 
H= 39.60. 
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Substituting these values in Eq. (128), we get for maximum 
compression in the upper flange at 3, 

■^=- £{196.88 X 46.88 - 262.12 x 27.99 - 30(31.25 + 15.63) 
+ 3 (196.88 x .3906 + 262.12 x .9336)} = 



= — 241.91 tons. 



It will be seen from these calculations, that the effect 
of neglecting axial stress, while producing a difference of 
less than 0.8 per cent in the amounts of H, is more 
strongly felt in chord-stresses, in which the difference, in 
the case taken, amounts to more than 2 per cent. 



8x16'- 




Example. — In the spandrel-braced arch of Fig. 53 with 
dimensions as tabulated below, to calculate the maximum 
stress in a member FH due to the following panel loads : 



Dead load 
Live load 



16 tons per panel, 
20 tons per panel. 



Lengths of members and arms in feet : 





s. 


d. 


b. 


*. 


A. 


/. 


I 


18.7 


23-9 


17.1 


48.8 


23.6 


38.2 


2 


13.2 


20.0 


16.0 


66.0 


17.6 


337 


3 


10.0 


18.O 


*5-3 


91.9 


12.9 


344 


4 


9.0 


*7.5 


15.0 


195.0 


10.0 


77.i 
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Assuming tn = 2 (Art. 64), we have in Eq. (122) : 





Panel. 

CE 
EG 
GI 
IK 


S/«*( J o- J) 


1 
i n<* (s - s) 


\pasj> 


1 
^ na sjb 


m ^ 1 
11. 19 

19.37 

33-5' 
54.68 


?(*o-*) 2 * 


>~» 


s* 
5.34 


2 * 

38.25 
50.00 


2/4» 


•a »^ 2 


0' i* 

2.96 
16.40 

43-35 
60.00 


II 

ST 

13 


. . . 


10.46 
18.62 
30.38 


■s 

3 


2 


5-34 


106.07 


. . . 


59.46 


118.75 


122.71 




5.34 + 106.07 + 59.46 
^"2 (113.75+ 122.71) "~* 35 




CE 
EG 
GI 
IK 


5 2 4 
35- 6 4 












^ 


76.50 
100.00 


10.46 








11 


3724 
60.76 


. . . 


. . . 




2 


40.98 


176.50 


10.46 


98.00 


118.75 


122.71 


2 


H^ 325.95 =6 
2 482.92 J 




/AT 


35-64 
"475 












^ 


150.00 


10.46 
37-24 


















91.14 


. . . 


. •. . 


2 


155-73 


150.00 


47.70 


91.14 


118.75 


122.71 


(4 

5 


H ^ 444-57 _ 
3 482.92 y 




IK 


5-34 

35-64 

114.75 

200.00 

355-73 












Ti- 


. . . 


10.46 

37.24 
91.14 








ll 








« 








s< 








13 


2 


• • • 


13884 


. . . 


118.75 


122.71 


3 






4 4 


94-57 _ j 
82.92 


024 
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For the dead load we then have, 

V x ± 16 x 3I = 56 tons, 

H= 16 X 2 (.356 +.675 + .921 +.512) =78.85 tons. 

Drawing the reaction locus and then the reaction line 
through G (Fig. 54) to the locus, we see that all loads to the 
right of L will produce compression in FH 9 while those to 
the left, tension. 




Fig. 54 

For these positions of the live load we have, 
Live load covering C — G, 

*i=¥(7 + 6) = 3 2 -5o tons, 
Jf= 20 (.356 + .675) = 20.62 tons. 

Live load covering I — B, 

K= ¥ (1 + 2 + 3 + 4 + 5) = 37-5 tons, 

7JT= 20 (.356 + .675 + .921 + 1.024 + .921) = 77.94 tons. 

Taking moment with respect to G, we obtain the following 
extreme stresses in FH\ 



Max. FH=~ {(56 + 37.5) 30 - (78.85 + 77-94) 27 - 16 X 15} 

= — i 2 9-33 tons - 
Min. FH= -^- {(56 + 32.5) 30 - (78.85 + 20.62) 27 - 16 x 15} 

= 3-43-47 tons - 
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Suppose now that the following cross-sections (in sq. in.) 
of the members are given : 



Panel. 


Upper Chord. 


Lower Chord. 


Diagonals. 


Verticals. 


CE 


6 


28 


7 


6. 


EG 


9 


23 


7 


IO 


GI 


15 


17 


7 


9 


IK 


17 


17 


5 


7 



Then in Eq. (121), 



H = 



1 

( s*Au ' AM 1 ~ T 7Ppa) % A?'pA d\ ] aAab "^ ^ i jMu t"AMl ' \e-papA» ' /Mdl 
™ « 

1 

a ^ i (fo-f) 2 ^ , *0 2 * |_ JQ 2 J |_ JQ 2 ^ I j JjQ-Jl)% 

4i ) ~T2^7 — rx^-,"r/^-^\2^_"r7^T^ t "t 2 



s*Au l A*Al l {e-fia)*A* l J 2 Ad) 



a 2 Am 



we have, 



For Denominator 



Panel 


s 2 A u 


A' At 


1 

{e-pafA. 




a'A^ 


CE 


.49 


.80 


1. 19 


1.70 




EG 


1.82 


1.64 


, .83 


1.83 




GI 


2.89 


3-94 


•47 


1.58 


. . . 


IK 


353 


6.43 


. . . 


•43 


. . . 


2 


8.73 


12.81 


2.49 


5-54 


1.38 



Denominator = 2 (8.73 + 12.81 + 2.49 + 5.54 -f 1.38) = 61.90. 
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2.49 
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EG 


3-96 


. . . 


.91 




2.02 


. . . 


4.48 


. . . 


. . • 




GI 




5.10 




4.38 




•52 


• . . 


1.76 


. . • 


II 


IK 


. . . 


5.88 


• • • 


7.14 


• • • 




• • • 


.48 


. . . 


8 


2 


4.85 


10.98 


.91 


11.52 


4.18 


;5 2 


7.58 


2.24 


2.49 














H 2 


45.2 
61.9 


7 



•73 


2 















CE 


.89 








2.16 




3.10 








EG 


3.96 




.91 




2.02 




4.48 








GI 


7.65 




4.38 




1.61 




5-40 






CO 

II 


IK 




8.82 


. . . 


10.71 








.72 




* 


, 2 


12.50 


8.82 


5.29 
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EG 
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.91 
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4.48 








GI 


7.65 




4.38 




•35 




5-40 






Ti- 
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IK 


11.76 




10.71 








3-" 


. . . 




* 


2 


24.26 




16.00 




2 -57 




16,09 




2.49 










j 


^-61 


41 = .c 
.90 
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With these values of H> we get for dead load, 

H=* 16 X 2 (.414 + 73 2 + -95 8 + -49 6 ) = 8 3-20 tons, 
V x = i\ X 16 = 56 tons. 

For live load covering I — B, 
JT= 20 (.414 + .732 + .958 + .992 + .958) = 81.08 tons, 
K^V- X is = 37.5 tons. 
Taking moment at G as before, we get for the maximum 
stress in FH t 

^- {(5 6 + 37-5) 30 -(83.20+81.08)27- 16X15} = -14496 tons. 

Comparing the values of H obtained by the use of Eqs. 
(121) and (122), it will be seen that the neglect of web- 
stresses and the assumption of uniform chord sections 
have led to no appreciable error, the difference being about 
4^ per cent; but its effect is more strongly felt by indi- 
vidual members, as shown by a comparison of maximum 
stresses in EF, the difference of the latter amounting to 
more than 10 per cent. 

BALANCED ARCH WITH TWO HINGES 

71. In a balanced arch, such as shown in Fig. 55, with 
independent span at each end, the method of calculating 
reactions does not differ in general from that explained 
in the case of spandrel-braced arch, the main difference 
being that in the present case V x and H will be + or — 
according to modes of loading. 

Example. — In the symmetrical balanced arch of Fig. 55, 
to calculate H, F, and V 2 due to a uniform load of 1.5 tons per 
ft. run covering the whole of the left arm. 

Since the left cantilever arm is loaded at its end with 
45 + 22.5 = 67.5', 
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by taking moments at A and B we get, 

-67.5X 60-45X 30 -r 2 x 240=0. r 3 = -22.s f . 

- 67. s x 300 - 45 X 270 + V x X 240=0. V x = + 135.0*. 

Neglecting the stresses in web-members, we have — by 
taking moments at successive sections — the following stresses, 
which, with given lengths and cross-sectional areas of mem- 
bers, give the corresponding works of resistance in chord- 
members : 



Panel. 


s. 


^4. 


L. 


^£ 




(tons.) 


(sq. in.) 


(ft.) 


*AE 


(I 


102.7 + — H 


20 


3° 


( 102.7 + -2-*)'-^ 






23 






V 23/40^ 




II 


119.1 +^& 
17 


2$ 


30 


»* ,+ Hs& 


v. 
O 


III 


130.0 +gjy 


28 


30 


('3"+Ms& 


V 

8. 


IV, V 


1 12.5 + -^#; 


30 


60 


KMn 




VI 


7 8.o + I°zr 

l 3 


28 


30 


f 78 .o + I2^ V 3° 

V T 13 / 56 ^ 




VII 


40.0 + l^-ff 


25 


30 


f 40.0+iijyY 3 ° 




^VIII 


14.7 +£/f 


20 


30 


(, 4 .7+>y 3 ° 




2 3 






V 23 / 40 E 
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( 9 8.2 + 64 ^Y 35 
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-H+S") 


55 


33 


lii2.s + 32 n) i 33 

y .21 / hoe 


7? 
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- (126.6 + 2 //) 


52 


3' 


(126.6 + 2H J 3 * 

y / 104^ 



U 


IV 


-(. 3 =.o + 2/,) 


50 


30 


(,30.0+^jyY-^ 

\ J 13 / ioa£ 




V 


-{""*?,') 


50 


30 


y 13 / ioo£ 




VI 


- (42.2 +2 II) 


52 


3i 


( 42.2+ 2ff \-2-z 




VII 


-(«■* + %") 


55 


33 


[ ,6.1+ 2! j/X 33 

V 21 / HO£ 




VIII 


55 


55 


35 


/64^y 35 

\55 / "<>E 
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Summing up all the terms of the fifth column, and differ- 
entiating the sum with respect to H, and setting the differen- 
tial coefficient equal to zero, we get, 

showing that the horizontal reaction is directed opposite to 
that shown by the arrow at A. 

For loads in the central span, considering the side 




Fig. 55 



spans to be weightless, the calculation of H and V is ex- 
actly the same as explained in Art. 63. 

H will, therefore, be positive — i.e., acting toward 
right — or negative according as the central or side span 
is loaded. 

TIED ARCH WITH TWO HINGES 

72. In the tied arch the horizontal thrust is taken up by 
the resistance offered by the tie. It has an advantage of 
the absence of stresses due either to changes of temper- 
ature or displacement of supports. Figs. 56 and 57 show 
arches of this kind. Representing by A t the cross-sec- 
tion of the tie, we have for the work of resistance in the 

same due to H, 

HH 
2A t E 
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This, then, is to be included in the expression for the 
work of resistance. 

In the case of arch-rib (Fig. 56), referring to Art. 45, we 
get, after differentiating <o with respect to H, the following 
equation of the latter for one load W: 



2 



C a 'xydc Hyde _ p sin fdx 

I Jp I Ja> I J A 



(13O 



cos <£ dx I 
A 2A t 





Fig. 56 



Fig. 57 



And in the case of spandrel-braced arch (Fig. 58), from 

Art. 66, we obtain similarly, 

H = 

1 

^ ( A**(Jq— s) . pasffi . es s , esud ) . (fQ-j^o . *( jkz»(j — s) . nas 6 



aAab 



s 2 Au 



A 2 A 1 ^{e-pa)iA . T /M d \ 



tf s*Au 'T'WArie- 



-pa^Av^/^AdW a?Aab " r At 



(132) 

The effect of introducing the tie, on the amount of H, 
becomes conspicuous with diminished rise of the arch 
and increased moment of inertia, as will be seen in the 
case of flat parabolic arch, for which we have, from Art. 
58, the following approximate equation for H due to 
one W: 



H = 



■(" + £) 
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Example. — Taking the circular arch of Fig. 50, given as 

an example in Art. 70, and 
adding to the same the hori- 
zontal tie with a cross-section 
of 50 square inches (Fig. 58), 
to calculate the stress in the 
tie, due to a uniform load 
of 20 tons per panel. 

Transforming Eq. (131) according to Art. 51, we have for 
the circular arch, by neglecting axial stress, 

H = (r - h){2e + <f> tt (l - 2a) - +J} + a (I - a) r 



Fig. 58 



2<t>o{r 2 +*(r-W}-3l(r-h) + 



2 II 



'-W. 



Referring to the data of the previous case, the denominator 
in this case equals 

2 X 59,000 x 250 

50 X 200 X 144 

and since we have for the numerator as before, 

20 X 3°>57 8 = 611,560, 
we get 

__ 611,560 

H = tz— = 220.04 tons, 

2768 y ^ 

which is the stress in the tie. 




Fig. 59 



CHAPTER V 

ARCHES WITHOUT HINGES 

73. In this class of arches, since ends are fixed, there 
will be moments produced at these points whenever the 
resultant forces do not pass through them. Here we 
have, then, two more statically-indeterminate forces than 
in arches with two hinges. 

Fig. 59 shows a symmet- 
rical arch-rib loaded verti- 
cally with W. 

Let M x and M 2 represent 
moments at A and B re- 
spectively. For all other 
designations, retaining those of the preceding chapter, we 
have, since the loading is vertical: 
H - H '= o, 
V x + V 2 - W = o. 

For moment at any point distant x from A, we get, 
m = M x + V x x — Hy, for x < a, 
m = M l + V t x — Hy — W (x — a), for x > a ; 

for vertical shear, 

V = V x for x < a, 

V= V x - Wior x> a; 
and for the normal stress in the rib at x (Art. 43), 

N=- (Fsin <f> + H cos <f>). 
Since the internal work in the arch-rib is generally 

(Art. 44) 
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l ' N 2 dc 
2 AE y 



r l 'm 2 dc r*\ 

J 2 EI J : 
substituting in this, the values of m and N, we get, 

W Jo 2EI Ja> 2 EI 

r« \V 1 sin<l> + Hcos<l>ydc H' {(V^ W) sin <f>+H cos <t>}*dc 

J 2EA J a , 2EA 

Since H, M x and V x must successively make o> a mini- 
mum, we get for 

dm dm dm 

the following equations: 

These equations will give all the required values of 
M v H, and V v as soon as the form of the arch and mode 
of loading are known. 
As to M 2 and V 2 we have, 

M 2 = M x + *7 - W (/ - a), 
V 2 = W- V v 

74. For obtaining expressions for H and li^ only, it 
will be more convenient to assume two symmetrical loads 
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(Fig. 60), as done in the case of two-hinged arches. De- 
noting the horizontal and 
vertical reactions and mo- 
ments at A due to 2 W by 
H', V, and IP, we get, 

H' = 2 H , 
M' = M X + M v 
V'=V t +V 2 = W, 

in which H, M v M 2J V v 
and V 2J denote the reac- 
tions and moments due to one W, as before. 

Referring to the figure, we have for the total internal 

work in the arch, 

v 




Fig. 60 



Wx-H'y) 2 dc 



n(M' 

Ja' 



+ Wa- H'y) 2 dc 



r a ' (M'+ 

J 2 EI ' " Ja' 2 El 

r«' (W sin <ft + JFT cos </>)* dc H (H' cos <t>)*dc 

J 2EA J a' I 



+ 2 



whence for 



we get, 



2EA 

dm 



2EA 



dH 

v 



. da) 

- = o, and = o, 

' ' dM' ' 



"'X'f-«'(X'^ + X-^) 



+ w (£" s r + £° J r-r '""*7* Jc ) -° ■ ■ ( ' 3 "> 

75. Temperature Stresses. — A uniform temperature 
change of / degrees would produce a change of t6l in the 



112 STATICALLY-INDETERMINATE STRESSES 

span length of the arch — 6 denoting the coefficient of 
expansion — were the end of 
the latter free to slide. Des- 




ignating by ^or 

H t and M t (Fig. 61) "* 6l 

the horizontal reaction and moment at A due to a tem- 
perature change — positive for rise — we get, 

= r l ' (M t - H t y) 2 dc C* (H t cos <t>ydc 
" J 2IE + J 2AE 

Since, according to the theorems of Castigliano (Art. 6), 
we get 



dH t ' dM t 



= M, 



C l ' -M t ydc+H t ?dc C v H , cos 2 <f>dc 
J IE + J AE 

r l ' (M t -H t y)dc ^ 
1/0 ■* 

from which 

H t - ^ TTF-JXi' ■ ('38) 

C l 'fdc, f' cos+dx \J I J 
X I + Jo A f l 'dc 

Jo I 
C l 'ydc 

M.-Jj^H, (139) 

Jo T 
76. Stresses Due to Displacements of . Supports. — The 
supports may sometimes yield to a certain extent, pro- 
ducing changes in their relative heights as well as the 
central angle and the span length of the arch. 
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Representing by 

M A , F A , and i7 A , 

the moment and the vertical and horizontal reactions at 
the left end of the arch, caused by such displacements, 
we get for the internal work in the arch, 

' l '(M± + V±x - H±y) 2 dc r l '(H± cos <f> + F A sin <f>) 2 dc 



CO = 



r l ' (M A + v A x-H± y ydc r l \ 

Jo 2 EI + J ' 



2EA 



77. Let Ay = change in relative heights of supports 
— measured at the left support in the direction of the 
force, i.e., negative downward. Then, since the force 
acting through Ay is V± only, according to the theorem of 
Castigliano, we have, 



dM t 
whence we get, 



da) 
dV± 


= Ay, 


dm 
dH~ A 


= 0, 


dm 


= 0; 



- M >r yj r- v > (r xj r - r^r**) 

+ HX i + X -^-) =o ■ ■ {i40b) 

^UT + W. -r- H >X V = ° • • • • < I40C > 

78. Next, let A<£ = total change of the central angle 
of the arch — measured at the left support in the sense 
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of the moment, i.e., positive for the decrease of the cen- 
tral angle. Then, for similar reasons as before, we have, 

dM A ^ 
do) 

do) 

whence, A 

M 4!i +v 4!f- H *S! y ~T =EA + • •■• (i4ia) 

-^(r¥-r sin ^ os ^) = ° • <-♦«> 

79. Finally, let Al = total change in span length — 

measured at the left support in the direction of the force, 

i.e., positive for the decrease of the span length. 

Here we have, 

da 



dH A 
d<a 

dw 
dM± 



= A/, 

= o, 

= o; 



whence, 



A 



, __ / C l 'fdc , f'cos*<l>dc\ _., . , 

+Ha U. ~ + l -^—)= EAl - • (i42a) 
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Ma J t + w, i-- Ha J / -° (I42C) 

PARABOLIC ARCH WITHOUT HINGES 

80. Assuming, as in the case of two-hinged arches 
(Art. 48), the cross-section of the rib to so vary from the 
crown toward each end that at any section 

/ = J sec <£, 
A = i4 sec <t>, . 
(I and A denoting the moment of inertia and cross- 
section of the rib at the crown), and introducing these 
together with the equation of parabola 

in Eqs. (136) and (137), and integrating 
Jo T " 3 id 

J* 1 "15/0' 
r*cos*<i>dc_ p<i> 

Jo 



Jr a 'xydc __ 



A 8 hA 

ha*(4l — 3d) 



/ ' 3 Wo 

^r.«,j, ah(P -6 a 2 l + 4 a 8 ) 



Haydc = 

Ja> I 

nearly/ 






3 Wo 
'sin <f> cos $dc _ Pe 

A = (P + i6h 2 )Aj 

* Howe, Treatise on Arches. 



n6 
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J I 2l 9 
C a 'xdc = _a>_ 

Jq I 2 I ' 



^adc _ a (I — 2 a) 




2/o 

and putting, as before, 
we get, 



Pif. te 



^=* 



A* 



^--(f+^)^-^^-^.}-°- 



23 2 



Eliminating M' , and remembering that 
we obtain, 

„, (M , W\ _ n J fl**(/-a)' _ aak<f-a)p \ 
\4S 16A/ 1 6/ J / 2 +i6A* J' 

Consequently, for one load W (Fig. 62), we get, 

U ITT' 60 fe' / «»(/-«)' I2 g (/-a)^ \ 

Similarly, by carrying out the integrations in Eqs. (134) 
and (135), we get, 

2 l3 Ah J 3 

ff T(/ - a) 8 (a / + a) | t»{8 * (/ - a) - J» (*. + *,)} 1 _ p 
|_ 6 S h J 
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Eliminating V x and M t successively, and putting 

4 hi — I 2 <f> 

8A m ' 

- W {(at 2 - 6 ni 2 ) (/ - a) 2 + 6 /'m* 2 }! ...... (144) 

F * = /» + 12m 2 {(/ ~ a)2(/ + 2a) + I2g/2}T ^ * * • • (l45) 

<A a and <£ denoting the inclination of tangents at a and 
A respectively. 

Neglecting the effect of axial stress, — since the terms 
containing ? ought then to disappear, — we get, 

H ,ii^=^ w (I46) 



/» 



Vi= ( l -ay(l + 2 g) w (u8) 



81. Temperature Stress. — For a uniform temperature 
change of t, introducing in Eqs. (138) and (139) the equa- 
tion of parabola and the expressions for / and A already 
given, and integrating the terms severally, we obtain, 

TJ t0EI O , x 

t= wrmi (I49) 

45 4 & 

M t =ihH t (150) 
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Neglecting the axial stress, these equations become, 

Ht -~^- (ISI) 

^•-^T" (l52) 

82. Displacement Stresses. — For a change of Ay in 
relative heights of supports (Art. 77), we get, by carrying 
out the integrations in Eqs. (140) and combining them, 

v *- th — m — ; j. \ .-2 . ■ • 0S3) 



\ 12 4A J 



M A = -F A - (154) 

2 

For a change of A<£ in the central angle (Art. 78), sim- 
ilarly we get from Eq. (141) the following equations: 

■" A "77T2 ,)i;a .... (l55) 



/ V77 + - 4 T"J 



Fa = _ ^ / A h >J>\ ■ • ■ (l56 > 



3 
M A = - F A - + i?A— + , . (i57) 

For a change of A/ in span length (Art. 79), we get 
from Eq. (142), 

H>- **" .... (1S8) 



/ 



Us 4*y 



M A = H A -h (159) 

F A = o. 
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Fig. 63 



CIRCULAR ARCH WITHOUT HINGES 
{Uniform Cross-Section) 

83. Referring to Fig. 63, we have for circular arc 
with origin of coordinates at A the following relations: 

x = r (sin fa — sin <£), 
dx = — r cos <f> d fa 

y = r (cos <f> - cos fa), y 
dy = — r sin <f>d fa 4 

dc = -rdfa Ml ^ 

a = r (sin <£ — sin <£.), 

<£ denoting the inclination of 
the tangent to the horizontal 
at any point xy. 

Introducing these in Eqs. (133), (134), and (135), and 
integrating the terms severally, 

<«) # 

Jydc = 2 r 2 (sin fa - fa cos fa). 


J' xydc = 2 r* sin fa (sin ^ — fa cos <f>J. 


J' sin <£ dx = o. 


J' fdc = r* {fa (1 + 2 cos 2 <£ ) - 3 sin fa cos fa}. 


J cos <f> dx = r (fa -f sin fa cos fa). 


/ (x - a) ydc = r* {i (sin fa + sin fa)* - (fa + fa) sin fa cos * 
+ cos fa (cos fa - cos fa)} . 

Jr l r 

sin ^ dx = - (sin 2 <fc, — sin 2 fa). 
a 2 
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(») 

Jdc = 2 r <£ . 
o 

Jtfcfc = 2f 2 ^ sin <£ . 
o 

Jydc = 2 r 2 (sin <£ - <£ cos <£ ). 
o 

Jfi> 
(x — a)dc = r 2 {(<f> + &) sin <f> a + cos <fc, — cos <£ }. 
a' 

w 

Jxdc = 2 r 2 <fo> sin ^ . 
o 

Jx*dc = r 8 {<£ (i + 2 sin 2 <£ ) - cos <£ sin <£ }. 
o 

J sin <l> dy = r (<l> — cos <£ sin <£ ). 
o 

Jxydc = 2 r* sin <£ (sin <£ — <£ cos <j> ). 
o 

J' cos <f>dy = o. 
o 
v 
(x-d) xdc=r* {(<fc> + <£ a ) (1 + sin <£ sin <k) 



+ (sin <f> + sin <£ a )(cos <f> a - cos <£ ) - \ (cos <£ sin <£ + sin<£ a cos <£„)} . 

J sin </> dy = - {(<f> + <f> a ) — cos <£ sin <£ - cos <f> sin <f> a } . 
a 2 

And eliminating M„ V v and H successively from the 
three equations, we obtain, 

f sin <£ (cos & - cos <£ ) + sin <f> a (<f> a sin <f> d - <f> sin <j> a ) 1 

I +-( l + S) ( sin2 +• " sin2 ^ I 

H= ^ 2 V ^ J -W.(i6oa) 

<M I + M (<^ + COS *0 Sin *o) - 2 Sln2 ^0 
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or, since 



sin fa = — , 
2 r 



sin fa = 



I — 2a 



cos fa = 



cos fa = 



r-h 



r — h + e 



H = 



le + (^-a^{fal-fa(l^2a)}-fa(i + ^j(l-a)a 



*>(* + ^O^^ + ZCr-Zt)}-/ 2 



W.(i6o&) 



M t = x (sin fa- fa cos fa)H + 
9o 



( I + y(*o-c° s *o sin *o) 
sin fa (sin <£ cos <£ - sin fa cos fa + fa) - fa sin fa 

- ^ ( i + ^J (cos <£ sin <£ - <£ ) (0. sin fa- fa sin <£ 



+ cos fa — cos fa) + - {sin fa (cos fa sin fa 



cos fa sin fa + <f> { 



> ) - fa sin fa} 



W. 



(i6ia) 



or 



* = f ~X " r + *) H + 7 5\ " x 

r 

I (/ - 2 a) (2 r 2 <£ - /e) <£ - 2 <£ <fc, r 2 / 

-(1 + ?) {2r*fa- I (r - h)}{2 faa + I (fa- fa) - 2e} 
+ ^o{(/-2a)(2r 2 ^ + /e)-2r 2 ^ a /}l^ . . . (161ft) 



v t - 



x + ^ ](<£•- sin 4> a cos fa)+ 2 sin <fc,(cos <k-cos fa) 
t-r— ^ " 



<fi + y (^o - c ° s *o sin *<>) 



W.(i62a) 
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Vi- 



(i+^){2^f s -(/- 2 a)(r-A+«)} + »«(/- 

i+- — 

2(i+pj{2t*4> -l(r-h)} 

Neglecting the effect of axial stress, we get, 



za) 



W. (162ft) 



fsin^ (cos^.-cos^ ) + sin^.(^.sin^ -^ sin^.)"j 

i + ^°(sin**.-sin'* ) } 
H = :— . .,,.... . . — W.(i6 3 a) 



or 



*o (*o + cos *o sin *o) - 2 sin * *0 
4> ~{2r*4> B +nr-h)}-P 



W. (163A) 
x 



A/, - - (sin * t - * cos * ) g + g ( ^ _ cqs ^ s . n ^ 
sin <fc, (sin <£ cos <£ - sin <f> cos <£ a + <£ ) - <f> a sin <£ 
- ^-(cos^ sin^ -^ )(^ a sin^ a -^ sin^ +cos^ a -cos^ ) W.{id^a) 



or 



4*0 {"'♦o "'('-*)} 
(/ - 2 a)(2 f 3 <£ - /*)<£<> - 2 <M>.^ 



_{ 9 f»*,-/(f-A)} {2«M + /(* -*.)-2e}k. • ( 

r J ! , (*.-sin 6, cos <k) + 2sin<k(cos ^.-cos^,) \ 

* " t* + 2(* -c OS * sin* ) } W « 6 *> 



164b) 



or 



r.-fj + li*^ 



2 (<£ - cos <£ sin <£ ) 
(/ — 2 a) (r—h + e)} -f 20 (/— 2 a) 



]w.( 



2{2r >4> -l(r-h)} j " • * l6 *> 

84. Temperature Stresses. — For a uniform tempera- 
ture change of / — positive for rise — we get, by carrying 
out the integrations as before in Eqs. (138) and (139), 
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H.--F 7—^ V (i66«) 

n *o (*o + sin 4> cos <f> ) I 1 + 3J - 2 sin 2 <£ 

2 <fl/£/^ 



f[*o{2*^+/(f-*)}(l+p)-^] 



(l666) 



^ = g (sin* -* cos* ), ( } 

9o 

_ H l-*Mr-h) (l6?6) 

2 9o 



Neglecting axial stress, we get, 
tOlEl 
+ sin <£ c 
2 *0/E/4o 



Ht = ,r^ /* — ; — ;— z — ^T\ . o , n • • • (168a) 

** [>o (+0 + sin <£o cos <£ ) - 2 sin 2 <£ ] 

.... (i68/>) 



'[M^o^ + Hr-/*)}-/ 2 ] 

85. Displacement Stresses. — For a change of Ay (Art. 
77), we get, by carrying opt the integrations in Eq. (140), 

V.- , . ,- EIAy • • d6 9 a) 

** v 1 + ?) ^° " cos *° sin *^ 

2 EI Ay 



(1 +5){*r 2 * o -/(r-/0} 



(169ft) 



Ma = — V±r sin <£ = — F A - ..... (170) 

iI A = o. 
For a change of A<£ in the central angle (Art. 78), we 
get from Eq. (141), 

y A ,_ ,. ****+.*• .... (I7IB) 



I 1 + ^) (*o - cos *o sin <fr ) 
EIl±4> 



(171ft) 
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tt EI (sin <ft - 4> cos <fr ) A<ft 

H A = — — y. (172a) 

^{«M * + ^J (* + sin * cos 4> - 2 sin 2 * )| 

_ EI{l-2<t> {r-h)}±4> 

- ~f= ; 1 5v =1 • • • U7 z o; 

r \*. {2 *o f 2 + i(r - *)} (1 + ? J - /*J 

r £/A<* 

Ma - if A — (sin <ft - <ft cos <ft ) - V A r sin <ft +" . (173a) 

For a change of A/ in span length (Art. 79), we obtain 
from Eq. (142), 

H* j= 7 =r — 1 • (I74<») 



' Uo ( ' + ^ 2 j (*o + sin 4>o cos <fc>) - 2 sin 2 <fc,| 
2£/^qA/ 

[^{2^, + /(f-A)}(i+^)-/ ! ] 



(1746) 



lh = g / ("*-*«»*) _ H / ~ » * (' ~ »> . (17S) 

9o 2 9o 

7 A = o. 

FLAT ARCH WITHOUT HINGES 

86. In arches with comparatively small versed-sines, 
we may put, as before, without material error, 

dc = dx y 
so that 



J sin <f> dx = o, 


Jcosfdx = /, 


I sin <j>dy = o 9 

J cos <f>dy = o. 
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Introducing these in Eqs. (133), (134), and (135), and 
assuming the cross-section of the rib to be uniform 
throughout, with 

A *' 

we get, 

M t f ydx + V x ( xydx - H ( F fdx + lA 

— Wl (x — a)ydx=o (176a) 

MJ +V.--H I ydx - W ^~ a ^ =o .... (1766) 

2 «/o 2 

*,? , T/ * zj C l j TJ7 (2/ + a)(/-a) 2 , -. 

M l -+V l H I xydx — W- -^ -= o . (176c) 

Combining these equations,, we get, 

V t - « + "\«-* W (,77) 

I (x — a) ydx — - I ydx 

H= / r< v r' 2 — w - • (r?8) 

I J ydx)- l J fdx-PP 

Ml _ H l^- W 'JLl<* ( I79 ) 

It is to be noted that / ydx is the area above the hori- 
zontal line joining the ends of the arch and bounded by 
the axis of the latter. 

87. Temperature Stresses. — For a uniform tempera- 
ture change of t (Art. 75), similarly we get from Eqs. (138) 
and (139), 



126 STATICALLY-INDETERMINATE STRESSES 

rr ME* t o x 

H '=-p / pi v »- • • • ( l8o > 

// fdx + PP-ll ydx) 



J ydx 
o 



M t =H t ^j— (181) 



88. Displacement Stresses. — Similarly from Eqs. (140), 
(141), and (142), we get, for Ay (Art. 77), 

tr 12 EI by . 

*a= j-^ (182) 

M*=-vJ- (183) 

2 

for A<£ (Art. 78), 

EI±<f> I ydx 

H ±= —pi 7-7*7 ^ • • • ( l8 4) 

I J fdx-lj ydx) + PP 



Va= p-Z (185) 



I ydx 

- v ±-i -h tit ° 
3 

and for A/ (Art. 79), 



M A =- F A -/ + if A ^ .... (186) 



**- "* fff v, • • • 0*7) 



if fdx - ( f l ydx) 2 + PP 



'0 \* J o 

i^A= H± ^- — (188) 
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FLAT PARABOLIC ARCH WITHOUT HINGES 
{Uniform Cross-Section.) 

89. Introducing in Eqs. (177), (178), and (179) the 
equation of parabola 



we get for one load W (Fig. 64) the following equations: 

(189) 



g , ^"y-^iw 



M,= 



^1 = 



a (I - a) 2 
(/ + 2 a) (I - a) 2 



(■-^) 



w 



w 



Neglecting the effect of axial compression, 
g- '*"(;-q)> 



4 A/ 3 



^ «(/-«)'(»/- 5a) y 

1 2/ 3 

^ _ (/+»«)(/- a)' |r 



Vi 



1 ' 


} ' — Sf 




1 A 


* * ' 


< 2 > 



Fig. 64 



Fig. 63 



(190) 
(191) 

(192) 
(193) 
(194) 




90. For a uniform load w per unit length of the span 
(Fig. 65), substituting wda for W, and integrating between 
the given limits of loading, we get, 
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(io/ 2 - 15^/ + 6a 1 2 )q 1 a Tg 
H = 7 77^ .... (19S) 



8hP 



hm 



Vt _ <„-.o,H + .fi v . (iw) 

Neglecting axial stress, we get, 

(io/ 2 - i5a 1 /4-6a 1 2 )q 1 3 Te; 
^ = 8hP .... (198) 

(/ - a J* a*™ 
M i = ^73 (i99) 

_ (2 /» - 2 a x H + a^) q^ 
K i- ~H .... (200) 



2 



/ 3 



91. Temperature Stresses. — .Similarly from Eqs. (180) 
and (181) we get, 

H ' = TFT^ (20I) 

M t =H t iA = 4 * h2 + 45 . 2 (202) 

Neglecting axial stress, 

H *=~OT ^ 2 °3) 

Mt== -Jh~ (2 ° 4) 

92. Displacement Stresses. — From Eqs. (182) to (188) 
we obtain in a similar manner, 

for Ay (Art. 77), 

t 2 EI by 

7 a p — (205) 

/ 

M A =-7 A - (206) 
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for A<f> (Art. "78), 



#A = 



v A =- 



3oEIhb<t> 
/( 4 /* 2 + 45* 2 ) 



M*=- V*%l + H^h 
and for A / (Art. 79), 

45 EIM 



#A = 



(207) 

(208) 

(209) 

/(4* 1 + 45*) (2IO) 

M±=H±%h (211) 

93. For flat circular arches without hinges, the fore- 
going formulas deduced for parabolic arches may be used 
without sensible error, for the reason already stated in the 
case of arches with two hinges (Art. 62). 

REACTION LOCUS AND ENVELOPE 

94. For showing reactions in an arch without hinges 
in amount and 
direction, reac- 
tion locus and 
envelope are re- 
quired. 

Since end mo- 
ments are due to 
the deviation of 
reactions from 
the axis, if we 
represent by e the vertical distance taken as positive above 
and negative below the horizontal line connecting the 
ends of the arch, we have in Fig. 66 at the left end, 




Pig. 66 
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and at the right end, 

M 2 



*2~ jj 



Since 



V*-*-h h c V *a a M 2 -V 2 (l-a) 

which are the equations of the locus. 

Next, let xj t be coordinates — with origin at A — of 
the point in the line of reaction R, assumed to be one of 
contact with the envelope. Then we have, 

yi = 6i + h Xi = €i + ~~^r Xv 

In order to find the relation between x x and y x for vari- 
able a, differentiate this equation with respect to a and 
eliminate a from the same. The equation thus obtained 
will be that of the envelope. 

It is evident that locus and envelope could be drawn 
by simple plotting of reaction lines for different positions 
of loads, instead of by deducing their equations. 

95. Taking the case of a flat parabolic arch, since we 
have by neglecting the effect of axial stress (Art. 89), 

Ml __*<f—r(*i-s4 Wt 

2 i> 
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. 2 h (2 / — 5 a) 

we get, e, = \ 5a ' , 

, ,V t 6h 

showing that the reaction locus is a horizontal line. 

Since y% = ^ + -a*, 

a 

substituting the values of e x and b v 

2h(2l-sa) , 4/t(2a + Q ^ 

Differentiating this with respect to a, we get, 

_ 2h(l — 2X t ) 

~ 5 (2 /* - 3 yd ' 
Substituting this value of a in the preceding equation, 
and at the same time transferring the origin of coordinates 
to the centre of the span and in level of the crown of the 

envelope where 2 ^ 

y t = - h and x t = - * 
3 2 

we get, 8 hx 2 + 15 Py + 30 /*y = o, 

which is the equation of hyperbola. 

POSITION OF LOADS FOR MAXIMUM STRESS 

96. For finding the mode of loading to produce maxi- 
mum stress in any part of the arch, reaction locus and 
envelope may be made use of in a similar manner as ex- 
plained in the case of two-hinged arches (Art. 68). 

In Fig. 67, let the outside lines of the rib represent the 
positions of centres of gravity of the flanges or chords. 
Since at any normal section CD of the rib the stress in 
the upper flange C is equal to the moment with respect 
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to D divided by d, the reaction line passed through D 

and produced to the locus will 
indicate the position of load pro- 
ducing no stress in C, and that 
all loads to the left of O produce 
compression in C, while those to 
the right, tension. For the same 
reason the reaction line drawn 
through C determines the position 

for load to produce no stress in Z), so that all loads to 

the left of O' produce tension in Z>, and those to the right, 

compression. 




Pig. 67 





Fig. 68 



Fig. 69 



For similar reasons, the position of load producing no 
shear at the normal section is given by drawing the re- 
action line parallel to the tangent to the axis of the 
arch at the section (Fig. 68) and by erecting a vertical 
over the section. The loads within these limits evidently 
produce (Art. 68) positive shear, while those outside the 
same, the negative. 

In case the chords or flanges are not parallel, the re- 
action line should be passed through the intersection of 
chord-members of the panel — in which the shear is to 



ARCHES WITHOUT HINGES 



133 



be determined — instead of drawing parallel to the tan- 
gent, to find the position of load producing no shear. ' 

THE STRESSES IN INDIVIDUAL MEMBERS 

97. Referring to Art. 67, it will at once be seen that, 
in the arch-rib of Fig. 69, we have but to add M x to the 
moment of external forces. 

Using the same designations as in Art. 70, we then have, 

f x 

F"= I \ M x + V x x - Hy - 2) W (x - a) 

- (V sin <£ + H cos <£) tf x i (212) 

f x 

F' =-U M x + V t x-Hy- ^W(x-a) 

+ (Vsin<j> + Hcos<t>)d 2 \ (213) 



D = -(7 cos <f> — H sin <£) sec . 



(2i4) 



in which 



= ^-S 



W. 



For a non-parallel rib, the stress in each member is best 
obtained by taking moment at 
the intersection of the other two 
members cut by a section. 

Example. — In a full-webbed 
circular arch with the same gen- Fig * i° 

eral dimensions as given in the case of two-hinged arch on 
page 94, to find the maximum stress in the lower flange at 3 
(Fig. 70). 
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Loads and dimensions : 

Dead load = 20 tons per panel. 
Live load = 10 tons per panel. 

/ = 250 ft 

r = 200. 

* = 3 8° -40'- 56" =.67514. 
Panel length = 15.625 ft. 



Cross-section uniform with 



.00019. 





Effective depth = 


6 ft. 




Panel. 


*(ft.). 


'(ft.). 


4*. 


$0 (arc. meas.). 


1 


i5- 6 3 


11.32 


33 09' 10" 


!48788 


2 


3 I2 5 
46.88 


20.54 


27 57 » 


3 


2799 


22 59 36 


.40114 


4 


62.50 


33.86 
38-31 


18 12 36 


.31782 


5 


7813 


13 33 17 
8 59 21 


.23658 
.15689 


6 


93-75 


41.42 


7 


109.38 


43.26 


4 29 12 


.07831 


8 


125.00 


43-88 





O 



H = 



The horizontal reaction is given by Eq. (i6o£). 

U + (~-aj{<l> a l - *„(/ -20)}- ^ + ^ a (l- a) 

Tabulating the terms of the numerator severally, we have, 



W. 



Oh 


u 


1 


*•/ 


(^-*) {* (/- a «)-*•/} 


(« +£)*««(/-*) 


Numer- 
ator. 


1 


2829.46 


147.69 


I44.66 


331.21 


2472.88 


25.37 


2 


5135-29 

6996.25 


126.59 


121.97 


432.98 


4616.03 
6429.48 


86.28 


3 


105.49 


IOO.28 


406.66 


160. 1 1 


4 


8464.64 


8439 


7946 


308.46 


7918.20 


237.98 


5 


9576.05 


63.29 


59.I4 


I94-5 1 


9067.20 


3!434 


6 


10354.62 
10815.54 
10968.75 


42.20 


39-22 


92.89 


9891.50 


370.23 


7 


21.10 


I9.58 


23.76 


IO386.O7 


405.70 


8 


O 


O 


O 


IO550.93 


417.82 
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and for the denominator, 

+o (i +5){2^ + /(r- *)} -P = 327-iS, 
whence we get the following value of H for W = 1 : 



Load at. 


1 


2 


8 


4 


5 


6 


7 


8 


H = 


•0775 


.2637 


.4893 


.7275 


.9605 


I.1314 


1.2397 


I.2768 



For M l we have Eq. (1616), 



4 *„ (1 + £) {2 f^o- l(r-h)} 
[*„(/ - 2d) (ar»^ - fe) - 2 ^r 2 / ~ ( J + £) {^o 
- /(r - A)} {2 *„a + / (* -4 a )- 2 e} + £*„ 
{(I - 2 a) (2 r' * + le) - 2 r* <f> a 1} V. 



Tabulating the terms severally, 



Panel 
Pt. 


(£-'+*)" 


First Term 

of 
Numerator. 


Second Term. 


Third Term. 


Fourth 
Term. 


Numerator. 


1 


2.25 


7»55 8 »673 
6,186,976 


-7312,985 


- 278,225 


II 


- 532,526 


2 


7.65 


-6,587,596 


- 542,713 


17 


- 943.3*6 


8 


14.20 


4,9S9»5oi 


-5416,391 


- 75 I » I 34 


19 


— 1 ,208,005 
-1,366,728 


4 


20.97 . 


3,843,680 


-4,291,456 


- 918,971 


19 


6 


27.88 


2,811,769 


-3»I94,392 


— 1,048,682 


16 


-1,431,288 


6 


32.84 


1,842,092 


-2,118,465 


-1,140,741 


II 


— 1,417,102 


7 


35-98 


911,322 


-1,057,323 


-i»i95»747 


6 


-1,341.743 


8 


3706 





O 


-1,214,044 





-1,214,044 



The denominator being 

4 *o ( 1 + M{2 r 2 <*><> - / (r - h)} = 4o,459-6> 

we get the following values of M l in ft.-tons ; and from 
M 2 = M x + VJ -W (l-a) the values of M a : 
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Load at 


1 


2 


8 


4 


5 


6 


7 


8 


M 2 = 


— 10.91 
+ 1.02 


-15.66 
+ 4-09 


-15.65 
+ 6.98 


-12.81 
+ 10.05 


- 7.50 
+ II.38 


— 2.19 
+ 11. 31 


+ 2.82 
+ 9-95 


+ 7-05 
+ 7-05 



w. 



The values of V x are obtained from Eq. (162^). 

( x + ^K 2 <t>af 2 -Q- 2 a){r-h +e)}.+ 2e (I -2 a) 

2 (i + ^{2r»+ -/(r-A)} 

Substituting the numerical values in all the terms, we get 
the following values of V x : 



Vx- 



Load at 


1 


8 


8 


4 


5 


6 


7 


8 


Panel Pt. 


.985 


•954 


•903 


•839 


•763 


•679 


.591 


.500 



Drawing the reaction locus and envelope (Fig. 71), and 
passing reaction line through C in the upper flange at 3, we 







+ — • 


« 


- — 


y 










A 








c 









Fig. 71 



at once see that all loads to the right of o produce com- 
pression in the lower flange at D. 
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For this position of loads, we have the following end- 
moment and reactions : 

Due to dead load, — 

H = 2 (.0775 + .2637 + .4893 + .7275 + .9605 + 1.1314 + 1.2397 

+ .6384) 20 = 221.12 tons. 
M x = (— 10.91 — 15.66 — 15.65 — 12.81 — 7.50— 2.19 + 2.82+ 7-°5 

+ 1.02 + 4.09 + 6.98' + 10.05 + 11.38 + 1 1.3 1 + 9-95) 2 ° 

= — 2.80 ft.-tons. 
V t = 7^ X 20 = 150 tons. 

Due to live load covering the right of o, — 

H = {2 (.9605 + 1.1314 + 1-2397 + -6384)+ .0775 + .2637 + .4893 

+ .7275} io = 94-93 tons - 
M x = (— 7.50 — 2.19 + 2.82 + 7.05 +'1.02 + 4-09 + 6.98 + 10.05 

+ 11.38 + 1 1.3 1 + 9-95) 10 = + 549- 60 ft.-tons. 
V t = 3i X i° + (.015 + .046 + .097 + .161) 10 = 38.19 tons. 

From Eq. (212) we then get for flange stress at D, 

F" = i [(549-6o - 2.80) + (150 + 38.19) 46.88 - (221.12 + 94.93) 
27.99 -20(15.63+31.25)- {(188.19 — 4°)-39°6 + 3 I 6-o5 
! X -9205)3] = - 243-50 to ns - 

J CONCLUDING REMARKS ON ARCHES 

I 98. It must be borne in mind that all the formulas 

that have so far been deduced for arch-ribs apply with 
correctness only to ribs whose radii of curvature are 
- considerably greater than the depths of the ribs them- 
\ selves. Were this not the case, the fibre length would 
I differ sensibly with its distance from the centre of curva- 
j ture, and as a consequence the change in its length will 
* not be proportional merely to the stress acting in the 



i 
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same, but will also depend on its 
distance from the centre of curva- 
ture. Thus in Fig. 72, let 

r = radius of curvature of the rib, 
dc = elementary fibre length at a dis- 
tance of y from the neutral 
axis, 
d<f> = elementary central angle, 

so that 

dc = (r + y) d<f>- 
Further, let 

/= fibre stress at y y 
Adc = deformation of dc due toy; 
A d$ = change of d<f>, 
so that 

Atfc = yAd<f>- 

Then we have, 

yAd<f> 




Since 



J dc (r + y)d<l> 



M = ffydA, 
substituting the value of /, 



M = E 



Ad<j> 
d<t> 



J r + y 



or 



/ = 



My 



(r + 



»S£ 



fdA 



Fig. 7» 



From the last equation it will be seen that 

._ My _ My 
ifdA I 

only when y may be neglected. 
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SUSPENSION BRIDGES 

99. Suspension bridges are lacking in rigidity besides 
being expensive of construction, and for that reason, 
those of moderate spans are but rarely constructed. It 
suffices to state that suspension bridges with trussed 
links are nothing more than inverted arches, and are to 
be treated in almost exactly the same manner as the 
latter of corresponding forms, with change in signs of 
stresses, and taking into consideration the motion of 
supports. This last condition brings the following term 
into the expres- 
sion for work of -^ — t^L 5k — •* 
resistance, 




in which A/ re- 
presents the ***• n 

change in span length due to the motion of supports caused 
by the change in length of the anchor ties. In the sus- 
pension bridge of Fig. 73, we have, 
A/ = 2A/ t sec a. 

Neglecting the frictional resistance to the motion of 
saddles on the towers or of the pin (in case the towers 
are hinged at the base), we get, 

A , HL sec a 

A/ ' EAT' 

'39 
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in which A a represents the sectional area of the anchor 
tie. Whence 

EA a 
Neglecting the compression of towers, we have, by refer- 
ring to Art. 45, the following expression for H due to 

one load W: 

v 

<%a sin <£ dx 



r»'xydc Hydc_ r 

I t/ / Ja' I Jp 



H = -^V- 1 ^ ~ W. . . . (215) 



2 



t/Q I Jq 



1 cos <£ dx l t sec 2 a 

A + I7~ 
For uniform temperature change /, since the actual 
horizontal displacements of A and B amount to 

2 tSl x sec a, 
we have, by referring to Art. 46, the following equation: 
_ / ^(/+2/ lS eca) 

M *--T*f dc ^ ri cos +dx (2l6) 

«/ I t/ A 

100. For a long span, which is the proper field for a 
suspension bridge, the latter, as generally constructed, 
consists of cables and stiffening trusses, forming a com- 
posite system of construction. 

101. Cable Suspension Bridge with Continuous Stiffening 
Trusses. — No mathematically correct method of calculating 
stresses in this kind of suspension bridge has, as yet, 
been made practicable, — most formulas used in prac- 
tice being more or less rough approximations. The fol- 
lowing method of calculation is another of the latter kind. 

The cable — being given a uniform cross-section — 
forms, under its own weight, a catenary curve; since, 
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however, the weight of the floor system and stiffening 
trusses, which is generally uniformly distributed along 
the horizontal line, is far in excess of that of the cable 
itself, the curve actually assumed by the latter is closely 




Fig. 74 



allied to a parabola, especially as the suspender rods 
are so adjusted as to produce this form as nearly as pos- 
sible. The entire weight of the stiffening girder in nor- 
mal condition and at mean temperature, when not loaded, 
may thus be assumed to be borne by the cable, the ends 
of the girder touching the supports but producing no 
reaction. If now a load W be placed on the girder, the 
elongation of the cable and suspenders will take place, 
and in consequence the stiffening girder will bear on the 
supports. A part of W will then be borne by the stiffen- 
ing girder and be transmitted directly to the supports, 
while the remainder goes through suspenders to the 
cable. For simplicity of calculation, it will be assumed 
in the following that the tension in suspenders due to 
any loading will be uniform, as in the case of dead loads. 
Such an assumption — although never strictly correct — 
is permissible considering the considerable rigidity gen- 
erally given to the stiffening trusses. 
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Let 

p == the pull in the suspenders per unit length of the span. 
H = the horizontal component of tension in the cable due to p. 
x, y = coordinates with origin at A . 

c — length measured along the cable. 

/ = the distance between the towers. 

/' = the total length of the cable between the towers* 

l x = the length of the anchor cable. 
A e = the cross-section of the cables. 

/ = the moment of inertia of the stiffening trusses. 

Referring, then, to Fig. 74, we get the following works 
of resistance: 

(1) Work in the cable. Passing a section through 
the centre of the span, and taking moment at A or J5, 
we have, 

Since p is assumed to be acting vertically, H will be 
constant throughout. The stress in the cable at any 
point x will then be, 

ax 
and the work of resistance due to the same, 



r 



2 AcE 
Since 



dc= 's/dx 2 + df = dx\/i +^> 
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introducing in this, the equation of parabola 
we get, 



y = -y x (/ - x), 



dc = ] 1 H ^- (/ — 2 x) 2 J dx, nearly. 

Substituting and integrating, we get for the total work 
of resistance in the cable the following approximate 
expression : 

H 2 (P + 8 h 2 ) 
2 AJLl ' 
or 



($ , <' + 8 *> 



2A<El 

(2) Work in anchor cables. If we neglect the resist- 
ance offered to the motion of the saddle, the tension in 
the anchor cable would be, 

H sec a, 
and the work of resistance in the same, 



■r 



i (H sec a) 2 dc _ fl\ sec 2 a 
21 2EA C ~ 64 EAJ1 2 ' 



(3) Work in suspenders. Denoting with L the mean 
length of all the suspenders, and with A, their total 
cross-sectional area, we at once get for the work in the 
suspenders the following expression: 

(piyL 

2A § E 
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This term is generally so small compared with others, 

forming the total work 
Ri R a of resistance, that it may 

\ t H mVTm mm 1 1 1 I t* entirel y neglected 



without appreciable error. 
(4) Work in stiffening 
Fig. 75 trusses. Let R t and R 2 

represent the end reac- 
tions (Fig. 75) of the stiffening truss. Taking moments 
at each support successively, we get, 

W(l-a) pi 

Wa pi 
R 2 = — --, 

also 

R t + R 2 + pl= W. 

At any point distant x from the left end, we have for 

moment, 

D , px 2 W (I - a) px ,_ , . 

m = R x x + — = — —. x — — (I — x) for x < a. 

2 / 2 

P*? Txr / n Wa(l- x) px (I - x) - 

m = R t x + W (x—a) = ^ ' - — for x > a. 

2 I 2 

Neglecting the deformation of web-mcmbers, we get 
for work of resistance, the following expression: 

(W(l-a) px(l- x)\\ 
ChnHx _ f \—l *~ 2 \ dx 

Jo 2lE X 2 IE 

■ i jwa(i- X )_p X (i-- x) y dx 

J a 2~lE 
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Assuming I and £ to be uniform throughout, we get 
for the integrals, 

40 JPa 2 (I -a) 2 - 10 Wpla (P - 2 a 2 l + fl s ) + p 2 P 
240 IEl 

Tf we neglect the deformations produced in the towers 
and the anchorages, we have for the total work of resist- 
ance in the structure, 

_ p 2 P(P + Sh 2 ) p 2 Pl t sec 2 a 
< °~ 128 WAcE + 64 AM 2 

4oW 2 a 2 (l - a) 2 - loWpla (P - 2a 2 / + a 3 ) + fP 
240 IEl 

Setting the first derivative of © with respect to p equal 
to zero, we get, 



?Z 3 7 

~-(/ 2 + 8 * 2 + 2 ll x sec 2 a) + 



For a uniform load w per unit length, we have but to 
put wda instead of W, and integrate between given limits 
of loading. Thus, for the load extending for a x from 
the left support, we have, 

. q 1 2 (5/ 3 -5ai 2 / + 2a 1 8 )w ( . 

-=^yt~ (P + 8 h 2 + 2 // t sec 2 a) + 2 Z 5 

102. The following stresses may now be written: 
The stress in the cable — maximum at the towers, 



1 pp 
8 h 



H sec <£ = - £— sec <£ . 



4>o being the inclination of the tangent at towers to the 
horizontal. 
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The stress in the anchor cable, 



- ~- sec a, approximately. 
8 h 



The stress in the suspender, 

pi 



n denoting the number of panels into which equi-distant 
suspenders divide the span. 

In the stiffening truss at any point distant x from the 
left end, 



Shear = R x + px 

= R t + px-W 



for x < a , , 

. f due to W. 

tor x> a ) 

= R t + (p — w)x for x < aA . ^ 

n , ; r r due to ' 

= /Cj + />x — w^ for x > a! J 



px 2 



Moment = R t x + — for # < a 

2 

0# 2 

= R*x + - W (x - a) for x> a 

2 

(p — w) n 
= R.x + — * 2 for * < a, 

2 * 

= R t x + a x w (x -J for x > a x 



Y due to W. 



* due to w. 



103. Temperature Stresses. — It hardly requires expla- 
nation that a rising temperature tends to strain the 
stiffening trusses and at the same time relieve the cables, 
while falling temperature strains both cables and trusses. 

Since, 

l ' = Jo dc = / v 1 + W) ' nearly ^ see page I43 ^ 
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a uniform change of / degrees — positive for rise — changes 
the length of the main-span cable by 

t0l'=t0l(i +^)> nearly. 

Representing by h x the sag of the deformed cable, we 
have, 

from which 

*, -*{!+£(, +££)}, nearly. 

The deformed cable would then deflect upward or down- 
ward by about 

**0/ . 3 P\ 3 MP • . 1 

T( I+ 8^ = 76l' approximately - 

The change in the length of anchor cables due to / being 
2 t0l v will change the main-span length by 

— 2 tOl x sec a. 

Representing by h 21 the sag of the cable with changed 
span length, we have, 

(/-2ft/, sec«){i + — *jg 1 = lli +*£), 

1 1 3 (I - 2 Otl t sec a) 2 J \ . 3 P J 

so that the deflection of the cable due to this cause alone 

would be , 

I - 0// t sec a, approximately. 
8 ft 

The total deflection of the cable, due to a temperature 
change of /, were the latter free to deflect, would then 

' 8 = -^ l - tO(l + 2 l x sec a) (219) 
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This, however, could not take place owing to the rigidity 
of the truss; but as the difference is generally slight, we 
shall assume $ to be the total deflection. 

Neglecting the changes in lengths of suspenders, and 
further assuming the stress produced in the latter by 
the temperature change to be uniform, and calling it 
Pt per unit length of the span, we get, 

384 EI 

Pt= g/ 4 S (220) 

This uniform pull on the cable produces tension in the 
latter, whose horizontal component is 

and in the stiffening truss a moment of 

48£/ 8 

at the centre of the span. 
Each suspender sustains a pull due to this cause of 

hi. 

n 
104. There is still another factor, not considered in 
the preceding discussion, viz.: the change in the amount 
of H due to variation of the deflection of the cable from 
whatever cause. Thus, if at the normal temperature 

H- pP 



a change of / degrees would give 



H = ? &- T . . . . (221) 
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TRUSSES WITH REDUNDANT MEMBERS 

105. The different forms of trusses with redundant 
members .may be indefinitely multiplied. They are 
generally decomposable into as many simple trusses as 
there are systems of such members to form them. The 
following few simple cases will sufficiently explain a 
mode of procedure for calculating the stresses in this 
kind of trusses. 

106. Fig. 76 shows an ordinary lattice truss. The 
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Fig. 76 

truss is evidently decompos- 
able into two simple trusses 
/ and II, — all the mem- 
bers excepting diagonals be- 
ing common to both trusses. 

A load W hung at the middle panel point must — 
according to the principle of least work — be divided be- 
tween trusses I and 77 in such a way that the internal 
work performed in the truss will be a minimum. 




^o 
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Representing by <f> the ratio of the load borne by truss 
/ to the whole, we have the following stresses: 



Mem- 
bers. 


1 


2 


3 


4 


5 


6 


Trusses. 

I 


2 


+L.*w 


-L+w 





2 


-t*w 


II 


O 




O 


+£<>-♦>»- 


-I(l-0)Jf 


-&-»» 



Mem- 
bers. 


7 


8 


9 


10 


ii 


Trusses. 

I 


+Tk* W 


+ i^ 


o 






II 


. . . 


+ |(i-0)fT 


t<* 


-f) 


w 


-i-^--t>w 


* 

~2^ 


(I- 


-0)JF 



Denoting by ^4 with corresponding suffixes the cross- 
sectional areas of members, we get for the internal work 
in the trusses the following: 



S^Z W 2 



\A X A 2 A 1 A J \^4 tf A l0 A n A J 

h* fi* P ] 



*AE AcEh- 



Since the value of <t> must be such as to make the inter- 
nal work a minimum, differentiating © with respect to <f>, 
and setting the differential coefficient equal to zero, we 
at once obtain, 



*£)+<•& ^X 



I 2 

Aa A, 



»(k + i>ik + k + t + i->>ik + tt$ 
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107. Fig. 77 shows another case of a truss with re- 
dundant members, formed evidently by a combination of 
Pratt, Howe and King-post trusses. In Order to find the 
stresses in different members of the truss, decompose the 
latter, as before, into elementary trusses I, 77 and 777, 
and denote by <t> v <t> 2 and <£ 3 the ratios of distribution of 
W in 7, II and III respectively, so that 

The following stresses may now be written: 



Members. 


1 


2 


3 


4 


5 


Trusses. 

I 


~7l + w 


. . . 




.... 


+ A*^ 


II 


-Tk* w 




+ \+,w 


~Tl** W 




III 




2/4 3 








Members. 


6 


7 


8 


9 




Trusses. 

I 


.... 


+ Ti*^ 


+ Tk*> w 


-t^ w 


.... 


II 


+ 4> 2 W 


+ h* w 


+£<fi,w 


-Tl** W 




III 


+ *3^ 


+i**" r 


+ j l 4> a " r 













Denoting by A with suffixes the cross-sections of the 
members, we get for «, 
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xpz tv* k«(^+^y ^»(i-^-^y *»*,> w »;»*,* 

A 9 A 1 A s A 9 J 

Making 

dm 

we obtain at once the following equations: 



Representing the terms within the brackets by a, /9, 7, 
S and e in order, we get 

^,0 + 4^8 = y, 
*,£ + * 2 8 = £, 



from which 



_ ^ Y - at 



* s = 



flQ8-y)+ t (a-ff)+8(y-a) 
/3 2 - aS 
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As this chapter is the least important of all, consider- 
ing the comparative rarity of the kinds of structures 
treated, it is deemed sufficient merely to indicate a mode 
of procedure in the calculation of stresses by means of 
the method of work. 



CHAPTER VII 

SECONDARY STRESSES DUE TO THE RIGIDITY OF 

JOINTS 

108. Strictly speaking, the stresses in all kinds of 
trusses are statically indeterminate; for it is only by 
assuming joints to be free of all constraints under all 
changes of form due to elastic deformation of members 
that we are generally enabled to calculate the stresses 
in trusses when external forces are known, while in 
reality all joints are more, or less rigid and resistant to 
angular changes between truss-members. Even pin- 
connected trusses are to be considered to have rigid 

joints wherever the frictional resistance 
on the surface of the pin exceeds the 
torsional moment caused in the latter 
by the members which it connects. 

In the following, we shall in the first 
place discuss the secondary stresses in 
the truss itself, and then those in the posts and lateral 
members due to rigid floor-beam and lateral connections. 

SECONDARY STRESSES IN TRUSSES 

109. Suppose a truss element ABC (Fig. 78) undergo 
deformations in its sides a, b and c due to stresses pro- 
duced in them. If the joints do not offer any resistance 
to motion of members, then corresponding angular 
changes would take place forming a new triangle with 

154 
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changed side-lengths. Representing by A the rate of 
linear and angular changes, + for extension or enlarge- 
ment and - for the contrary, we have the following 
equations from the deformed triangle: 

(b + A6) sin (A + AA) = (a + Aa) sin (B + A£), 
from which, by neglecting small quantities, we get 

/Aa AA AO tan ^ 

A A =■■ 1 r ) tan A + AB - . 

\ a b J tan B 

Similarly, 

\c b J tan B 

and since 

AA + A£ + AC = o, 

we get, 

AB = ^(cot A + cot C) - —cot C - — cot A, 
b v a c 

AC = — (cot A +cotB) cot B - -=- cot A, 

c v a 6 

AA = — (cot jB + cot C) - -T- cot C cot B. 

a b c 

These equations would then give the amounts of angular 
changes due to changes in lengths of the members were 
the latter free to move at the joints. If, however, the 
joints were so rigid that angular changes could not take 
place, then each member would have to distort itself in 
such a way as to occupy its new position without pro- 
ducing angular changes at the joints. As a consequence, 
whatever positions the members may in this way assume, 
the tangents to their neutral axes at the joints should 
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maintain the original angles between them. The con- 
straint thus made active at each joint gives rise to bend- 
ing in each member. Let a member A C be cut off 

close to the joints (Fig. 79), and 

+ '±\ represent by M a and M c the 

*l M *r 1m, 1 ! moments acting at the ends, — 

' ~ L 1 positive for bending the piece 

_. anticlockwise and vice versa. 

Fig. 79 

Further, let AC 9 represent the 
original position of AC, the former being tangent to the 
latter at A ; and denote by a the displacement of C, — 
positive when it is clockwise and vice versa. 

Since the moment (positive when causing compres- 
sion in upper fibres) at any point distant x from A is 

— M a -\ x, 

considering the moments only, we get for the internal work 
in the member, 

— TBI J. (-M.+ - n —x)dx 

in which I represents the moment of inertia of the section 
of the piece, and E the modulus of elasticity, both assumed 
to be uniform. 

Since the force acting through a, reckoned in the same 
sense as the latter, is 

M a -M e 
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it follows from the first theorem of Castigliano (Art. 6) 
that the first derivative of © with respect to — ^ — - 

« 

must be equal to a, so that with M a as variable we have, 
- (2 M a — M c ) = y .... (222) 



6 EI v ° " Z, 

Considering now the joint ^4 (Fig. 
80), and applying this equation to 
members AC and AB — denoting their 
lengths, end-displacements and mo- 
ments by L, a, and M with corre- 



sponding suffixes as shown in the * *° 
figure — we get, , Fig. 80 

" (2 M M — M m ) = y~ . . . . (223) 



Mab, 
A 




6 EI' " "' L„ 



(2 M* - MJ = -£- . . . . (224) 



Referring to Fig. 80, it will be seen that the angular 
change A4, which would have taken place had the angle 
A been free to change, to be equal to BAC — B'AC\ 
so that by paying attention to signs we may put 

A (BAC) = ]£-£;• 

Consequently we get, 

6EABAC=j^(2M ae -M ea )-^( 2 M ab -M ba ). . . (225) 

Ifta lab 



*58 
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Similarly for other angles, we obtain, 
6 £ A ABC = ^(2 M*-MJ - ^(2 M„ 



J#*) 



6J2AB04 -^2(2 Jf^-JfU- ^(2l.-W 



(226) 
(227) 




Fie. 81 



Since at each joint 

SM= o, 

we have in the triangular frame ABC, 

M ab + M ae = o, 
M* + if* = o, 
M« + M M = o. 

In this way, as many equations as there are unknown 

moments in a truss may be ob- 
tained by extending equations over 
all the triangles of the truss and 
setting the 2 If at each joint equal 
to zero. The following example 
will show the application of this 

method to the calculation of secondary stresses in a 

simple truss. 

Example. — In the truss of Fig. 81 given : 

U = 360 in. 4 L ab = 1^ = 25 ft. 

/*, = -60 « JL W = L„ = 30 " 

/« = 40 " 

/ M = 360 " 
Supposing the members to sustain following intensities 
of direct stresses : 

AB = DE = — 7000 lbs. per sq. in. 

AC — CE = + 7330 lbs. per sq. in. 

BD = — 7330 lbs. per sq. in. 

BC = CD = + 8000 lbs. per sq. in. 
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to calculate the secondary stresses induced in each member, 
assuming the joints to be perfectly rigid, and E taken at 
30,000,000 lbs. per sq. in. 

In consequence of the principal stresses the following 
deformations are produced : 

In AB and DE . AL = — *—^- X 25 X 12 = — .070 in. 

AC and CE . AL = ^£ x 30 x 12 = + .088 in. 
h, 

BD . . . . AL = ~~ ^ 33 ° X 30 X 12 = - .088 in. 

hi 

8000 

BC and CD . AL = —=r- X 25 X 12 = + .080 in. 

h, 

Since 

cot BAC = 7500, 

cot ABC = .2915, 

. cot BCA = 7500, 

the angular changes, were they possible, would then be, 

.080 .088 .07 

&BAC = — (.2915 + .7500)- — X.75+"^X.29i5 = .oooi6 24 , 

±ABC = ^(.iS<x>+.1S<*>)-j£ X. 75 + ^X. 7500=. 0003416, 

A „ _ . .070 . , . .08 .088 

ABCA = - ^(-75oo+-a9i5) - — X .2915 - -^ X .7500 

= — .0005040, 

A „ „„ .080 . . .08 , .088 

AZ?5C= ^o<-75oo+.29i5)-— X .2915 + -^ X .7500=. 0003835, 

. _ __. .088 . , . .80 .08 

ABCD= ~ -Jto ( - 75 °° + • 75 ° o) " 3^ X - 7SO ° ~ 3^0 X - 7500 

= — .OOO767O. 
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Applying Eqs. (225-227) to all the angles successively, we 
obtain, 



1) 6E .0001624 = ^ (2 M„ - M m ) - ^ (2 M* 



MJ. 



2) 6E.000M16 = ^ o ( 2 M u -M ab ) - ^ (2 M^-M*). 

3 )-6E.ooo$o 4 o = 3 -^ (2 M^-M*)-^ (2 M„-MJ. 

4) 6 E. ooo 3 8 3S = ^ (* M*-MJ- ^(2 M»-M J. 

- 6E.0007670 = ^( 2 ¥,- Jf*) - g(2M* - M u ). 

Since from symmetry, 

1/^= — M*, M de = —Mi,, M*= —M Mt 

the last equation becomes 

600 
5) 6 £ .0007670 = — (2 M* - M*). 

Again, since, at each joint, b 

2M = o, iX" -/I 



6) 3^ + ^=0. 

7) M ba + M b0 + M bd = o. 

From these equations we ob- 
tain the following values of Ms : 

Mac = + 2,602 in.-lbs. 
M^ = — 2,602 
M ba = + 25,926 
v M * = + 2,454 
lf M = - 28,380 
JU* = + 8,130 
ilC = + 10,176 



Pig. 8a 
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Paying attention to the signs of the moments, it will be 
seen that the bending of the members takes place as shown 
exaggerated in Fig. 82. 

The widths of members in the plane of the truss being 
as follows, 

AB = 12 in., 
BD= 12 " 
BC - 4 " 
AC = 4 " 

the secondary stress in each member may now be written, 

2^026 

In AB -^- — x6 = 412 lbs. per sq. in. 

360 ^° 

BD ^^ X 6 = 473 " " " " 

BC ^^ X 2 = 271 " " " " 

60 

AC ^£Z* x 2 = 509 " « « « 

40 

These stresses are to be added to the direct stresses 
already given, to obtain the maximum intensities of stresses 
in the members. Strictly speaking, the actual maximum in 
each member is less than the maximum thus found* by that 
portion of the direct stress taken up in producing the mo- 
ments, but the difference is generally so slight as to be 
practically negligible. 

SECONDARY STRESS IN THE POSTS DUE TO RIGID FLOOR- 
BEAM AND LATERAL CONNECTIONS 

110. By Loading. — When the posts are connected rigidly 
at top by the lateral strut, and at bottom by the floor- 
beam, — as is most usually the case, — the bending of the 
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floor-beam caused by loading on the same induces — by 
reason of constraints — the moments and thrust, produ- 
cing deformations as shown exaggerated in Fig. 83. 

Representing by M , M ly Af 2 , and M 3 (Fig. 84) the 
moments produced at the four corners of the frame, — 
positive when producing compression on the outer fibre, 




Mi 



*T" oT* 



ill 



Fig. 83 



Jj|M3 



Fig. 84 



and vice vers&, — it is evident that, for all loads sym- 
metrically disposed about the centre of the floor-beam, 

M, = Jf t . . 

Let m v m 21 and m 3 represent moments at any point in the 
upper strut AB, post AC, and floor-beam CD respectively. 
Then, neglecting the influence of direct stresses and 
considering moments alone, we get for the work of resist- 
ance in the frame, 



r b m x 2 dx r h m 2 2 dx r 

Jo 2EI X Jo 2EI 2 Jo 



m 8 2 dx 



/„ 7 2 , and 7 8 representing the moments of inertia of the 
sections of strut, post, and floor-beam respectively. Since 
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m 2 = M -\ — 7 x, origin of x taken at ,4, 

in which if represents the moment due to loading, assum- 
ing the floor-beam to be simply supported at both ends. 
Substituting these values of m in the above expression 
for work, and integrating by assuming the cross-sections 
of members to be so many constants, we get, 

= M*b 3 M M t h + (M x - M o yh 
W 2EV 3 £/ 2 

+ jjy Uf^b + 2M X C Mdx + f APdx) • 

Since the values of M and M t must be such as to make 
the total work of resistance in the frame a minimum, 
setting the first derivatives of a> taken successively with 
respect to M and M t equal to zero, we get, 
MJb M x h + 2 M h _ 

2 M x h + M h 

3h 
from which 



, M,b , r b Mdx 



jf _- T lii_^i ("8) 

b 2 h 

A JA 
Eliminating ilf „ 

M = , 3 /? , 7 'v r^-, • • • • (229) 



(K4)(fWH4J 



— 1 



164 



ST A TIC A LL Y-INDETERMINA TE STRESSES 



111. The integral J Mdx depends on the mode of 

symmetrical loading. For a single-track railway bridge 
loaded as shown in Fig. 85, we have, 

ft— q ft+a 

rW* = - 2 f ' Wxdx-f * w(*'-^-?\dx=-—(b*-a'), 



so that we get, 



M = - 



M,= 



THJ^-^ 



Ah U 3V 



W. 



(bmAyw 



W 



(23°) 



(23O 



112. In a highway bridge, since the I 
live and dead loads may be assumed to 
be uniformly distributed along the floor- 
beam length, designating by w the load 
per unit length, we get, 



w w 



b-a 

2 
— x 



Fig. 85 



X 



Max — ! 

12 



so that from Eqs. (228) and (229) we obtain for this 



case, 



M = 



hb* 
36 V, 



w 



Vi + 3lJ\3h + IJ Li) 



• (232) 
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M t ~ 






«7 






(233) 



I 
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113. Knowing M and Af v the moment at any point 
in each member can at once be found. 
In the post the maximum fibre stress 
calculated from such moment is to be 
combined with the intensity of direct 
stress which the post receives as the 
member of the truss, to obtain the 
greatest intensity of compression in the 
same. 

The upper strut is subjected to arcompression of 
M x -M« 

and a bending of M throughout its length. The floor- 
beam sustains, beside a bending of 

M x + M, 
a direct stress of the same amount but of opposite kind 
as that in the upper strut. The cross-section of the 
floor-beam is, however, generally so great that the direct 
stress produced in the same need hardly ever to be taken 
into account. 
. If the upper strut were either hinged at both ends 
(Fig. 86) or its section so small that I x may be entirely 
neglected, then M would disappear and 

%b Mdx_ 

M 1 = - r.\ ~\x ( 2 34) 



X' 
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The upper strut would be free of *_ 
moment, and the direct stress 
simply equals 

Mi 

h ' 

114. In the bracing of Fig. 87 
with designations as given, by 
neglecting the effect of all direct 
stresses, we get for the work of 
resistance, 

M -M t V, 




Fig. 87 



Differentiating this with respect to M and M l succes- 
sively, and setting the differential coefficients equal to 
zero, we get, 

fM 1 +2(f+e)M =o, 

or 

2 h 

and 

Combining the two equations, we obtain, 

Y f Mdx 

1 3* Jo 



M t =- 



/(3h + e) b_ 
6 hi. h 



(235) 
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rj} 



tktJ Mdx 



m = ;/"r; — r (236) 

/(3 It + e) b 
6hl 2 "*■/, 

The integral / Mdx is the same as in the preceding 

case. 
The stresses in the struts are, 

e 

« / ! 

Example. — (1) In a single-track railway bridge with the 
cross-section of Fig. 88, given : 





A 


= 1600 in. 4 






h 


= 800 in. 4 






h 


= 4800 in. 4 






w 


= 60,000 lbs. 




Ext. 


width of post =15 


in 



required to find the maximum fibre stress caused in the posts. 
From Eqs. (230) and (231), 

20 (1 6 2 - 6 2 ) 

o 

\2400/ 



12 X 800 X 4800 

\1600 2400/ \2400 4800/ 
= -12,350 ft.-lbs. 



256 ^-36/16 + 40 \ 

__ 4 X 4800V1600 2400/ . ,, „ 

M x = - z 1_ 2— L 60,000 = 39,520 ft.-lbs. 

000 

1,440,000 



i68 
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Consequently the greatest fibre stress in the post is in 
this case found near to its lower end, and is in amount, 

39,1520 x 12 X 7.5 1U 

±*i£ L^. _. 2700 lbs. per sq. in. 

(2) In a highway bridge with cross-section as shown in 
Fig. 89, to calculate the stresses in the post and struts due to 




Fit. 88 




Fi«. 89 



constraint caused by a uniform load of w = 3000 lbs. per ft. 
run, the dimensions being as given in the figure. 
From Eqs. (235) and (236), 



U x = 



3000 x 18 8 
12 X 3600 



\6\60 + 4) _i8 



= + 25,850 ft.-lbs. 



6 X 20 X 800 3600 
16 X 3000 X 18 8 
2 X 12 X 20 X 3600 _ „ 

= " 16(60+4) 18 " = ~ 10 ' 340 ft ' lbs - 

6 X 20 X 800 3600 

The greatest fibre stress in the post will then be, 
25,850 x 12 x 8 



800 



= 3102 lbs. per sq. in. 
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The stresses in the upper struts are, 

AB= ^40 = +258slbs . 
4 

— _ _ I o^4g _ 10,340 + 25 ,8 S o _ _ ]bs 

4 16 ' 

(3) Suppose, in the case of Fig. 88 and Example (1), the 
upper strut to be hinged at both ends ; then from Eq. (234) 
we get, 

W , w 2 , 60,000 (16 2 - 6 2 ) 

— - (0* — a') 

4^8 4 X 4800 . 1U 

M i = Hi r~ = „?* ^ =34,375 ft.-lbs., 



2h b 



2 X 20 16 

3 X 800 4800 



showing that the posts receive somewhat greater stresses 
from constraint, when the upper strut is firmly fixed to them.- 

115. By Wind Pressure. — Wind pressure also pro- 
duces moment and direct 
stresses in posts forming a 
rigid frame, whenever the panel 
wind pressure is to be trans- 
ferred from one chord to an- 
other, — the distortion of the 
frame being as shown in Fig. 
90, in which the wind pressures, 
acting at the upper panel points 
are being brought down to the lower. This is simply a 
somewhat more general case of wind pressure discussed 
in Art. 20. From what has been there said, it will be 
easy to see that here again the points of contraflexure 
in the posts may be assumed to be at the same height. 
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Assuming the wind pressures 2 P to be resisted equally 

at C and D, we have 

H = P. 

Passing now a section through the point of contraflexure 

in the left-side post, and representing with T and S the 

tangential and direct stresses acting at the section, we 

have as before, 

T=H. 

Taking moments successively at A, C, O, B, and D, we 

get 

M = -T(h-h ) = -H(h- h Q ) f 
M x = Hh , 
-Sb - 2 P (h - h ) = o, 

M 2 = -T (h-h )-Sb = H (h-h )=- M 0f 
M*=Th -Sb-2Ph = - Hh = -M v 

Represent by 

m 1 the moment at any point in the upper strut. 

m 2 the- moment at any point in the post. 

Ws the moment at any point in the floor-beam. 

Neglecting the influence of all direct stresses as being 
inconsiderable when compared with moments, the total 
work of resistance due to the latter will be, 

r b m t 2 dx r h m 2 2 dx r b m z 2 dx 

Jo 2 EI t J 2 EI 2 Jo 2 EI 9 

Referring to Fig. 90 and to the preceding equations, 

we have, 

M —M I2X \ 

m l = M -\ ^r -x = H (h — h )l-j- — 1 J , origin of x taken at A. 

M — M 
m 2 = M -\ x — x = H (x + h — h), origin of x taken at A. 
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m B = M t H ^-r -x = Hh li —J, origin of x taken at C. 

Substituting these values of m in the expression for work, 
and integrating, we get, 

h> (h - h yb H*h (h* - 3 hh + 3 y) iPh*b 

6EI 1 . 3 EI 2 + 6£/ 8 * 

Since the value of & must be such as to make the inter- 
nal work a minimum, the first derivative of a> with re- 
spect to h set equal to zero will at once give, 



*» = 



h h } 
b_ 6_* , &_ 
h + /, /. 



(237) 



This value of h substituted 
in the foregoing equations of 
moments, will give moments 
at all points of each member. 
The direct stress in the post 
is nothing else than 

s 2P(h-h ) 




Fig. 91 



116. With the bracing of Fig. 91, by referring back 
to Art. 22, it will at once be seen that here again 

P + P 
2 

and taking moments at C, JE, and O, 

M = - T (/- h ) = -H (/- h ), 
M x = Th = Hh , 
-Sb -2P(h- *e) = o. 
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Then at any point distant x from E we have the follow- 
ing moments in the post and floor-beam: 

M — M 

Eto C . . M t + -*y — *- x = H (>* - *), 

Cto4 . . M -^°(*-/)=i?(/->^^/- i), 

£toF . . M x -^x = HhJi -^Y 

Neglecting the influence of all direct stresses, the total 
internal work may now be written, 

• --s{X' < *-- ai) ' <fa+ .r </ -*' , 'C-T i )' fa } 

Integrating, we get, 

Setting the first derivative of <u with respect to /t equal 
to zero, we get, 

*•- I - * 6" (238) 

If we make 7 3 = oo in this, the equation would revert 
to that of the case of posts with the lower ends fixed — 
discussed in Art. 22. 

Examples. — In a through bridge 18 feet in width, an 
upper panel wind pressure amounting to 1 8,000 lbs. is to be 
brought down to the lower panel point at an intermediate 
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point in the truss. To calculate the stresses produced in the 
posts and bracing. 

In the case of Fig. 92 from Eq. (237), 



18 3 X 18.5 



h = 



3600 



2400 



so that 



18 , 6 X 18.5 , 18 
3600 2400 12,900 



X 18.5 -9.9 ft., 



M o = — 9000 (18.5 — 9.9) = — 77,400 ft.-lbs., 
M t = 9000 X 9.9 = 89,100 ft.-lbs; 



,|, - 8600 IN* 



J^w 2*00 IN *» 
A - M IN* 



I 9 -12000 IN 4 



1**— 

Fig. 98 



« • 00 ° r 


A 




?,« 


90 LBS. 


Uo 


^^"""^s^ *'*' 

C,.-''' ^""~-» 


v^D 




t' 


• 


(I««2400IN* 
«A - 30 IN* 


: 


2' 


/ 1. 


U » WQDO W 4 






Mj 










_ / 











Fi*. 93 



and since, by using the designation in Fig. 90, 

— Sb — 2 P (20 — h ) = o, 

18,000 (20—9.9) iu 

S = ^r ^-^ = 10,100 lbs. 

18 

The maximum stress in the post will therefore be 

M x , S 89,100x12 , 10,100 . „ 
7 i Xio± 7 = -^ — X 10 H =4792 lbs. persq. in. 

I 2 A 24OO 30 ,y r -1 

The stress in the upper strut due to bending is , 

77,400 x 12 _ „ 

— — x 18 = 4644 lbs. per sq. in. 

3600 ^ ^ r n 
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In the case of Fig. 93, we have, from Eq. (238), 
12 



2400 



(40 + 12) 



so that 



2400 



(20 + 24) + 



18 



= 6.8 ft, 



12,000 



M = — 9000 (12 — 6.8) = — 46,800 ft.-lbs., 
M x = 9000 X 6.8 = 61,200 ft.-lbs., 

18,000 (20 — 6.8) lt _ 

S = ^-r = 13,200 lbs. 

18 

The maximum stress in the post will therefore be 

61,200 x 12 11,200 1U 

X 10 + — = 3500 lbs. per sq. in. 

2400 30 

The stresses in the bracing are 
obtained in the following manner : 

Passing a section through bracings 
and one of the points of contraflexure, ^j fc « 
as shown in Fig. 94, and considering 
the left portion, we have, by taking 
moment at A, 

-T(h-h )- CDe = o, 

-— 9000 (20 — 6.8) „ 

CD = - y - K — '- = - 14,850 lbs. 



/ 






B 



/ 

/ 



Fig. 94 



Taking moment at D, 

- T(f- h ) -Sb- 9000* + AB4 = o, 

- H (/- h ) + 2 H (h - h ) - 90006 + ABe = o, 
9000 (20 — 6.8) 



AB = - 



8 



— 14,850 lbs. 



Since at the section 2 vert, forces = o, 
— S — AD sin a = o, 

j^- 2H(h-h ) 18,000 (20 - 6.8) „ 

AD = — 7-^t- = n , : — — = 32,500 lbs. 



b sin a 



18 X .4062 
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revised. 8vo, cloth, illustrated $1 .50 

KLEIN J. F. Design of a High-Speed Steam-engine. 

With notes, diagrams, formulas, and tables. Second Edition; 
revised and enlarged. 8vo, cloth, illustrated. 257 pp.. .net, $5.00 

KNIGHT, A. M., Lieut-Corn. U.S.N. Modern Seaman- 
ship. Illustrated with 136 full-page plates and diagrams. 8vo, 

cloth, illustrated. Third Edition, revised net, $6.00 

Half morocco $7. 50 

KNOTT, C. G., and MACKAY, J. S. Practical Mathematics. 

With numerous examples, figures, and diagrams. New Edition. 
8vo, cloth, illustrated $2.00 

KRAUCH, C, Dr. Testing of Chemical Reagents for 

Purity. Authorized translation of the Third Edition, by J. A. 
Williamson and L. W. Dupre. With additions and emendations 
by the author. 8vo, cloth net $4.50 

LASSAR-COHN, Dr. An Introduction to Modern Scien- 
tific Chemistry, in the form of popular lectures suited to Univer- 
sity Extension Students and general readers. Translated from 
the author's corrected proofs for the second German edition by 
M. M. Pattison Muir, M.A. 12mo, cloth, illustrated $2.00 

LODGE, OLIVER J. Elementary Mechanics, including 

Hydrostatics and Pneumatics. Revised Edition. 12mo, cloth. 

$1.50 

LUCKE, C. E. Gas Engine Design. With figures and 

diagrams. Second Edition, revised. 8vo, cloth, illustrated. 

net, $3.00 

LUQUER, LEA McILVAINE, Ph.D. Minerals in Rock Sec- 
tions. The Practical Method of Identifying Minerals in Rock 
Sections with the Microscope. Especially arranged for Students 
in Technical and Scientific Schools. New Edition, revised. 8vo, 
cloth. Illustrated net, $1 . 50 

MARKS, G. C. Hydraulic Power Engineering. A Prac- 
tical Manual on the Concentration and Transmission of Power 
by Hydraulic Machinery. With over 200 diagrams and tables. 
8vo, cloth, illustrated $3 . 50 
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MARSH, C. F. Reinforced Concrete. With full-page and 
folding plates, and 512 figures and diagrams. 4to, cloth, illus- 
trated net, $7.00 

MERCK, £. Chemical Reagents; Their Purity and 
Tests In Press. 

MILLER, E. H. Quantitative Analysis for Mining Engi- 
neers. 8vo, cloth net, $1 . 50 

MUTCFIE, WM. Mechanical Drawing. A Text-Book of 

Geometrical Drawing for the use of Mechanics and Schools, in 
which the Definitions and Rules of Geometry are familiarly ex- 
plained; the Practical Problems are arranged from the most 
simple to the more complex, and in their description technicali- 
ties are avoided as much as possible. With illustrations for 
Drawing Plans, Sections, and Elevations of Railways and Ma- 
chinery: an Introduction to Isometrical Drawing, and an Essay 
on Linear Perspective and Shadows. Illustrated with over 200 
diagrams engraved on steel. Tenth Thousand. With an appen- 
dix on the Theory and Application of Colors. 8vo, cloth. . $4.00 

Geometrical Drawing. Abridged from the Octavo 

Edition, for the use of schools. Illustrated with 48 steel plates. 
Ninth Edition. 12mo, cloth $2.00 

MOSES, ALFRED J., and PARSONS, C. L. Elements of 

Mineralogy, Crystallography, and Blow-Pipe Analysis from a 
Practical Standpoint. 336 illustrations. New and enlarged 
Edition. 8vo, cloth $2.50 

MOSS, S. A. Elements of Gas-Engine Design. Reprint 
of a Set of Notes accompanying a Course of Lectures delivered 
at Cornell University in 1902. 16mo, cloth, illustrated. (Van 
Nostrand's Science Series.) $0 . 50 

NASMITH, JOSEPH. The Student's Cotton Spinning. 

Third Edition, revised and enlarged. 8vo, cloth, illustrated. . $3 . 00 

NIPHER, F. E., A.M. Theory of Magnetic Measurements. 

With an Appendix on the Method of Least Squares. 12mo, 
cloth ; $1 .00 

NUGENT, E. Treatise on Optics; or, Light and Sight 

theoretically and practically treated, with the application to Fine 
Art and Industrial Pursuits. With 103 illustrations. 12mo, 
cloth $1 .50 



STANDARD TEXT BOOKS. 9 

OLSEN, Prof. J. C. Text-Book of Quantitative Chemical 

Analysis by Gravimetric, Electrolytic, Volumetric, and Gaso- 
metric Methods. With seventy-two Laboratory Exercises giving 
the analysis of Pure Salts, Alloys, Minerals, and Technical Prod- 
ucts. Second Edition, revised. 8vo, cloth, illustrated. 513 pages. 

net,MOO 

OUDIN, MAURICE A. Standard Polyphase Apparatus an J 

Systems. With many diagrams and figures. Third Edition, 
thoroughly revised. Fully illustrated 13 .00 

PALAZ, A., Sc.D. A Treatise on Industrial Photometry, 

with special application to Electric Lighting. Authorized transla- 
tion from the French by George W. Patterson, Jr. 8vo, cloth, 
illustrated $4.00 

PARSHALL, H. R, and HOBART, H. H. Armature Wind- 
ings of Electric Machines. With 140 full-page plates, 65 tables, 
and 165 pages of descriptive letter-press. 4to, cloth $7.50 

PATTON, H. B. Lecture Notes on Crystallography. 

Revised Edition, largely rewritten. Prepared for use of the stu- 
dents at the Colorado School of Mines. With blank pages for 
note-taking. 8vo, cloth net, $1 .25 

PAULDING, CHAS. P. Practical Laws and Data on Con- 
densation of Steam in Covered and Bare Pipes. 8vo, cloth, 
illustrated. 102 pages net, $2.00 

The Transmission of Heat through Cold-storage In- 
sulation. Formulas, Principles, and Data relating to Insulation 
of every kind. A Manual for Refrigerating Engineers. 12mo, 
cloth. 41 pages, illustrated net, $1 .00 

PERRINE, F. A. C, A.M., D.Sc. Conductors for Electrical 

Distribution; Their Manufacture and Materials, the ^Calculation 
of the Circuits, Pole Line Construction, Underground Working 
and other Uses. With diagrams and engravings. Second Edition, 
revised. 8vo, cloth net, $3 . 50 

PERRY, JOHN. Applied Mechanics. A Treatise for the 

Use of Students who have time to work experimental, numerical, 
and graphical exercises illustrating the subject. 650 pages. 8vo, 
cloth net, $2.50 
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PLATTNER. Manual of Qualitative and Quantitative Analy- 
sis with the Blow-Pipe. From the" last German edition, revised 
and enlarged, by Prof. Th. Richter, of the Royal Saxon Mining 
Academy. Translated by Prof. H. B. Cornwall, assisted by 
John H. Caswell. Illustrated with 78 woodcuts. Eighth Edition, 
revised. 463 pages. 8vo, cloth net, $4.00 

POPE, F. L. Modern Practice of the Electric Telegraph. 
A Technical Handbook for Electricians, Managers, and Operators. 
Seventeenth Edition, rewritten and enlarged, and fully illustrated. 
8vo, cloth $1 .60 

PRELINI, CHARLES. Tunneling. A Practical Treatise 

containing 149 Working Drawings and Figures. With additions 

by Charles S. Hill, C.E., Associate Editor "Engineering News." 

• Third Edition, revised. 8vo, cloth, illustrated $3 .00 

: Earth and Rock Excavation. A Manual for Engi- 
neers, Contractors, and Engineering Students. Second Jjjdition, 
revised. 8vo, cloth, illustrated. 350 pp net, $3.00 

Retaining Walls and Dams. 8vo, cloth, illustrated. 

In Press. 

PRESCOTT, Prof. A. B. Organic Analysis. A Manual of 
the Descriptive and Analytical Chemistry of Certain Carbon 
Compounds in Common Use; a Guide in the Qualitative and 
Quantitative Analysis of Organic Materials in Commercial and 
Pharmaceutical Assays, in the Estimation of Impurities under 
Authorized Standards, and in Forensic Examinations for Poisons, 
with Directions for Elementary Organic Analysis. Fifth Edition-. 
8vo, cloth. $5.00 

Outlines of Proximate Organic Analysis, for the Iden- 
tification, Separation, and Quantitative Determination of the 
more commonly occurring Organic Compounds. Fourth Edition. 
12mo, cloth $1 .75 

First Book in Qualitative Chemistry. Twelfth edition. 

12mo, cloth. . . . ! net, $1 .50 



— and OTIS COE JOHNSON. Qualitative Chemical 
Analysis. A Guide in Qualitative Work, with Data for Analytical 
Operations and Laboratory Methods in Inorganic Chemistry. 
With an Appendix by H. H. Willard, containing a few improved 
methods of analysis. Sixth revised and enlarged Edition, entirely 
rewritten. 8vo, cloth net, 13.50 
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PROST, E. Manual of Chemical Analysis as Applied to 

the Assay of Fuels, Ores, Metals, Alloys, Salts, and other Mineral 
Products. Translated from the original by J. C. Smith. Part I, 
Fuels, Waters, Ores, Salts, and other mineral industrial products; 
Part II, Metals; Part III, Alloys. 8vo, cloth net, $4.50 

RANKINE, W. J. MACQUORN, C.E., LL.D., F.R.S. Ma-. 

chinery and Mill-work. Comprising the Geometry, Motions,! 
Work, Strength, Construction, and Objects of Machines, etc. \ 
Illustrated with nearly 300 woodcuts. Seventh Edition. Thor- 
oughly revised by W. J. Millar. 8vo, cloth $5.00 

The Steam-Engine and Other Prime Movers. With 

diagrams of the Mechanical Properties of Steam. With folding 
plates, numerous tables and illustrations. Fifteenth Edition. 
Thoroughly revised by W. J. Millar. 8vo, cloth $5.00 

— — Useful Rules and Tables for Engineers and Others. 

With appendix, tables, tests, and formulae for the use of Electrical 
Engineers. Comprising Submarine Electrical Engineering, Electric 
Lighting, and Transmission of Power. By Andrew Jamieson, 
C.E., F.R.S.E. Seventh Edition. Thoroughly revised by W. J. 
Millar. 8vo, cloth $4.00 

A Mechanical Text-Book. By Prof. Hacquorn Ran- 

kine and E. E. Bamber, C.E. With numerous illustrations. 
Fourth Edition. 8vo, cloth $3.50 

Applied Mechanics. Comprising the Principles of 

Statics and Cinematics, and Theory of Structures, Mechanics, 
and Machines. With numerous diagrams. Seventeenth Edition. 
Thoroughly revised by W. J. Millar. 8vo, cloth $5.00 

Civil Engineering. Comprising Engineering, Surveys, 

Earthwork, Foundations, Masonry, Carpentry, Metal-Work, 
Roads, Railways, Canals, Rivers, Water-Works, Harbors, etc. 
With numerous tables and illustrations. Twenty-first Edition. 
Thoroughly revised by W. J. Millar. 8vo, cloth $6 . 50 

RATEATJ, A. Experimental Researches on the Flow of 

Steam Through Nozzles and Orifices, to which is added a note on 
The Flow of Hot Water. Authorized translation by H. Boyd 
Brydon. 12mo, cloth, illustrated net, $1 . 50 

RAUTENSTRATJCH, W. Syllabus of Lectures and Notes 

on the Elements of Machine Design. With blank pages for Note- 
taking. 8vo, cloth, illustrated net, $2.00 
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RAYMOND, E. B. Alternating Current Engineering Prac- 
tically Treated. 8vo, cloth, illustrated. 232 pp. Second Edi- 
tion, revised net, $2. 50 

REINHARDT, CHAS. W. Lettering for Draughtsmen, 

Engineers, and Students. A Practical System of Free-hand Let- 
tering for Working Drawings. New and Revised Edition. Twenty- 
_first Thousand. Oblong boards $1 .00 

RICE, Prof. J. M., and JOHNSON, Prof. W. W. On a New 

Method of Obtaining the Differential of Functions, with especial 
reference to the Newtonian Conception of Rates of Velocities. 
12mo, paper $0.50 

RIPPER, WILLIAM. A Course of Instruction in Machine 

Drawing and Design for Technical Schools and Engineer Students. 
With 52 plates and numerous explanatory engravings. 4to, 
cloth $6.00 

ROBINSON, S. W. Practical Treatise on the Teeth of 

Wheels, with the theory and the use of Robinson's Odontograph. 
Third Edition, revised, with additions. 16mo, cloth, illustrated. 
(Van Nostrand's Science Series.) $0 . 50 



SCHMALL, C. N. First Course in Analytical Geometry, 

Plane and Solid, with Numerous Examples. Containing figures 
and diagrams. 12mo, cloth, illustrated net, $1 .75 



and SHACK, S. M. Elements of Plane Geometry. 

An Elementary Treatise. With many examples and diagrams. 
12mo, half leather, illustrated net, $1 .25 

SEATON, A. E. A Manual of Marine Engineering. Com- 
prising the Designing, Construction, and Working of Marine 
Machinery. With numerous tables and illustrations reduced from 
Working Drawings. Fifteenth Edition, thoroughly revised, enlarged, 
and in part rewritten. 8vo, cloth $6.00 

and ROUNTHWAITE, H. M. A Pocketbook of 

Marine Engineering Rules and Tables. For the use of Marine 
Engineers and Naval Architects, Designers, Draughtsmen, 
Superintendents, and all engaged in the design and construction 
of Marine Machinery, Naval and Mercantile. With diagrams. 
Seventh Edition, revised and enlarged. Pocket size. Leather. 

$3.00 

SEIDELL, A. Solubilities of Inorganic and Organic Sub- 
stances: a handbook of the most reliable quantitative solubility 
determinations. 12mo, cloth In Press. 
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SEVER, Prof. G. F. Electrical Engineering Experiments 

and Tests on Direct-Current Machinery. With diagrams and 
figures. Second Edition. 8vo, pamphlet, ilust ated. .net, $1.00 

and TOWNSEND, F. Laboratory and Factory Tests 

in Electrical Engineering. Second Edition, th rcughly revised and 
rewritten. 8vo, cloth, illustrated. 236 pp net, S2. 60 

SEWALL, C. H. Lessons in Telegraphy. For use as a 

text-book in schools and colleges, or for individual students. 
Illustrated. 12mo, cloth $1 .00 

SHELDON, Prof. S., Ph.D., and MASON, HOBART, B.S. 

Dynamo Electric Machinery; its Construction, Design, and Opera- 
tion. Direct-Current Machines. Sixth Edition, revised. 8vo, 
cloth, illustrated net, S2.50 

— — Alternating Current Machines. Being the second vol- 
ume of the authors' "Dynamo Electric Machinery; its Construc- 
tion, Design, and Operation." With many diagrams and figures. 
(Binding uniform with volume I.) Fourth Edition. 8vo, cloth, 
illustrated net, $2 . 50 

SHIELDS, J. E. Notes on Engineering Construction. 
Embracing Discussions of the Principles involved, and Descrip- 
tions of the Material employed in Tunneling, Bridging, Canal and 
Road Building, etc. 12mo, cloth $1 . 50 

SHUNK, W. F. The Field Engineer. A Handy Book 

of practice in the Survey, Location and Track-work of Railroads, 
containing a large collection of Rules and Tables, original and 
selected, applicable to both the Standard and Narrow Gauge, 
and prepared with special reference to the wants of the young 
Engineer. Eighteenth Edition, revised and enlarged. With 
addenda. 12mo, morocco, tucks $2 . 50 

SNELL, ALBION T. Electric Motive Power: The Trans- 
mission and Distribution of Electric Power by Continuous and 
Alternate Currents. With a section on the Applications of Elec- 
tricity to Mining Work. 8vo, cloth, illustrated: 

SNOW, W. G., and NOLAN, T. Ventilation of Buildings. 

16mo, cloth. (Van Nostrand's Science Series.) $0 . 50 

STAHL, A. W., and WOODS, A. T. Elementary Mechan- 
ism. A Text-Book for Students of Mechanical Engineering. 
Fifteenth Edition, enlarged. 12mo, cloth $2.00 
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STALEY, CADY, and PIERSON, GEO. S. The Separate 

System of Sewerage; its Theory and Construction. With maps, 

plates, and illustrations. Third Edition, revised and enlarged. 

• 8vo, cloth $3.00 

STODOLA, Dr. A. The Steam-Turbine. With an appen- 
dix on Gas Turbines and the future of Heat Engines. Authorized 
Translation from the Second Enlarged and Revised German Edi- 
tion by Dr. Louis C. Loewenstein. 8vo, cloth, illustrated. 434 pp. 

net, $4.60 

SWOOPE, C. WALTON. Practical Lessons in Electricity. 

Principles, Experiments, and Arithmetical Problems. An Ele- 
mentary Text-Book. With numerous tables, formulae, and two 
large instruction plates. Seventh Edition. 8vo, cloth, illustrated. 

net, $2.00 

THURSO, J. W. Modern Turbine Practice and Water- 

Power Plants. With eighty-eight figures and diagrams. 8vo, 
cloth, illustrated net, $4.00 

TOWNSEND, F. Short Course in Alternating Current 

Testing. 8vo, pamphlet. 32 pp net, $0.75 

TRINKS, W., and HOUSUM, C. Shaft Governors. 16mo, 
cloth, illustrated. (Van Nostrand's Science Series.) $0 . 50 

URQUHART, J, W. Dynamo Construction. A practical 

handbook for the use of Engineer-Constructors and Electricians 
in charge, embracing Framework Building, Field Magnet and 
Armature Winding and Grouping, Compounding, etc., with ex- 
amples of leading English, American, and Continental Dynamos 
and Motors; with numerous illustrations. 12mo, cloth.. . $3.00. 

WARREN, F. D. Handbook on Reinforced Concrete. 

16mo, cloth, 271 pp., illustrated net, $2.50 

WALLING, B. T., Lieut.-Com., U.S.N., and MARTIN, 
Julius. Electrical Installations of the United States Navy. 8vo, 
cloth In Press 

WEBB, H. L. A Practical Guide to the Testing of Insu- 
lated Wires and Cables. Fifth Edition. Illustrated. 12mo, 
cloth $1 .00 
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WEISBACH, JULIUS. A Manual of Theoretical Mechan- 
ics. Ninth American Edition. Translated from the fourth 
augmented and improved German edition, with an introduction 
to the Calculus by Eckley B. Coxe, A.M., Mining Engineer. 1100 

gp. and 902 woodcut illustrations. 8vo, cloth $6.00 
heep $7.50 

and HERRMANN, G. Mechanics of Air Machinery. 

Authorized translation with an appendix on American practice 
by Prof. A. Trowbridge. 8vo, cloth, 206 pp., illustrated . net, $3 . 75 

WESTON, EDMUND B. Tables Showing Loss of Head 

Due io Friction of Water in Pipes. Third Edition. 12mo, leather. 

$1.50 

WILSON, GEO. Inorganic Chemistry, with New Notation. 
Revised and enlarged by H. G. Madan. New Edition. 12mo, 
cloth $2.00 

WRIGHT, Prof. T. W. " Elements of Mechanics, including 

Kinematics, Kinetics, and Statks. Seventh Edition, revised. 
8vo, cloth $2.50 

■ and HAYFORD, J. F. The Adjustment of Observa- 
tions by the Method of Least Squares, with Applications to Geo- 
detic Work. Second Edition. 8vo, cloth, illustrated net, $3.00 
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